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Zernike by One Pascal Triangle1

A high performance, low memory cost and flexible2

computation scheme for Zernike polynomials3

Wei-Jun CHEN1⋆
4

1 Carl Zeiss Meditec AG, G�oschwitzer Str. 51�52, 07745 Jena, Germany5

Abstract � This work uncovers two hidden cases of block�wise recurrence in Zernike com-6

putations. Based on these findings, a new computation scheme for Zernike polynomials7

is proposed. It uses one Pascal 's triangle for all internal factors, thus avoiding the com-8

putation of factorials, cos/sin functions, and matrix inversions. It offers both a direct9

transformation method and a block�wise recursive method for calculating Zernike basis10

functions, thereby fulfilling the requirements for high accuracy, high speed, low memory11

footprint, and great application flexibility.12

Keywords. Zernike polynomials, Pascal triangle, homogeneous bivariate polynomials,13

block�wise recurrence, recursive method, surface/wavefront reconstruction14

1. Introduction15

Zernike polynomials play a key role in many optical applications [1][2][3] due to their two main16

features: 1. the orthogonality between individual polynomial components and 2. the direct correspon-17

dence with optical Seidel aberrations. Zernike polynomials are usually defined as18

z±m
n (ρ, φ) = Rm

n (ρ)

{
cos(mφ) for +m
sin(mφ) for −m

, (1)

Rm
n =

(n−m)/2∑
k=0

(
(−1)k(n− k)!

k!
(

n+m
2

− k
)
!
(

n−m
2

− k
)
!
ρn−2k

)
, (2)

where Rm
n is called the Zernike radial polynomial. The above equations appear in the literature [4][5]19

with different notations for the m�term. This work adopts the ±m notation since this notation20

provides an explicit and convenient way to divide Zernike components of order n into their even part21

(±m = ±2l), and their odd part ±m = ±(2l + 1), and to subdivide each part into distinct cos and22

sin subparts. Incidentally, all odd parts of the components for the even order (n = 2j) and all even23

parts of the components for the odd order (n = 2j + 1) are discarded to avoid non�integer factorials24
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W.�J. CHEN: Zernike by Pascal

n = 0 1
n = 1 1 1
n = 2 1 2 1
n = 3 1 3 3 1
n = 4 1 4 6 4 1
n = 5 1 5 10 10 5 1
n = 6 1 6 15 20 15 6 1

Table 1. A standard 6�row Pascal triangle and its right half vectors

in Zernike radial polynomials (Eq. 2), and all index terms n,m, l, j, k in this work are non�negative25

integers, and l ≤ j and k ≤ (j − l).26

If the polynomial order is not high, the calculation of Zernike polynomials is usually satisfied by the27

definition formulas. For Zernike radial polynomials a three�term�recurrence�relation (TTRR)28

exists and has been applied component�wise to higher�order recursive Zernike calculations [6][7]:29

Rm
n = ρ

(
R

|m−1|
n−1 (ρ) +Rm+1

n−1 (ρ)
)
−Rm

n−2(ρ). (3)

On the other hand, Zernike polynomials are essentially one of the orthogonalized versions of the30

homogeneous bivariate polynomials in a Cartesian coordinate system with a unit circle and a coor-31

dinate center. In practice, the computation of Zernike polynomials is often based on a look�up�table32

(LUT ) of the corresponding Cartesian forms of the individual Zernike components [3][8][9], although33

the complexity of such Cartesian forms increases sharply with polynomial order.34

To achieve greater flexibility compared to component�wise recursive computations, and to lower the35

limits of polynomial order and complexity in Cartesian form based computations, this work uncovers36

two cases of block�wise recurrence in Zernike computations1 and offers both a direct block�wise37

transformation method and a block�wise recursive method for matrix�form Zernike computations.38

The application of such block�wise methods promises higher computational speed and lower memory39

footprint without compromising accuracy.40

The rest of this paper is organized as follows: The next section presents two hidden block�wise41

recurrences along with their close relationship to an n�row Pascal 's triangle; subsequently Sec. 3 ex-42

plores a new computation scheme for Zernike polynomials, which covers basis function computation,43

coefficient determination, polar/Cartesian coordinate conversion, and application specific derivative44

analysis, among others; further technical discussions can be found in Sec. 4, where a preliminary45

performance evaluation is conducted in term of computational complexity, accuracy stability, mem-46

ory requirements, and application flexibility; finally, Sec. 5 concludes this paper with an outlook on47

future works.48

2. Zernike polynomials supported by one Pascal 's triangle49

2.1. Pascal triangle supported block�wise recurrence50

The Zernike radial polynomials of the first n ≤ 6 orders can be expressed in matrix form, where51

all radial polynomials of an order are obtained by multiplying a coordinate value irrelevant factor52

1 To our knowledge, block�wise recurrence in Zernike calculations has hardly been addressed in the litera-
ture, although there is a long history of intensive studies on Zernike polynomials.
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W.�J. CHEN: Zernike by Pascal

n = 0 1
n = 1 1 1
n = 2 1 2 1
n = 3 1 3 3 1
n = 4 1 4 6 4 1
n = 5 1 5 10 10 5 1
n = 6 1 6 15 20 15 6 1

Table 2. A left�aligned 6�row Pascal triangle and its anti�diagonal vectors

matrix by a power vector of the radial coordinate values, as:53



R0
0(ρ) = 1

R1
1(ρ) = ρ

R0
2(ρ) = 2ρ2 − 1

R2
2(ρ) = ρ2

R1
3(ρ) = 3ρ3 − 2ρ

R3
3(ρ) = ρ3

R0
4(ρ) = 6ρ4 − 6ρ2 + 1

R2
4(ρ) = 4ρ4 − 3ρ2

R4
4(ρ) = ρ4

R1
5(ρ) = 10ρ5 − 12ρ3 + 3ρ

R3
5(ρ) = 5ρ5 − 4ρ3

R5
5(ρ) = ρ5

R0
6(ρ) = 20ρ6 − 30ρ4 + 12ρ2 − 1

R2
6(ρ) = 15ρ6 − 20ρ4 + 6ρ2

R4
6(ρ) = 6ρ6 − 5ρ4

R6
6(ρ) = ρ6

=⇒



R
{m}
0 = 1× ρ0

R
{m}
1 = 1× ρ1

R
{m}
2 =

[
2 −1
1 0

]
×
[
ρ2

ρ0

]
R

{m}
3 =

[
3 −2
1 0

]
×
[
ρ3

ρ1

]

R
{m}
4 =

6 −6 1
4 −3 0
1 0 0

×

ρ4ρ2
ρ0


R

{m}
5 =

10 −12 3
5 −4 0
1 0 0

×

ρ5ρ3
ρ1



R
{m}
6 =


20 −30 12 −1
15 −20 6 0
6 −5 0 0
1 0 0 0

×


ρ6

ρ4

ρ2

ρ0



(4)

where R
{m}
n denotes a column vector

[
R0

2j R2
2j · · · R2j

2j

]T
for even orders (n = 2j) or54 [

R1
2j+1 R3

2j+1 · · · R2j+1
2j+1

]T
for odd orders (n = 2j + 1).55

From the above equation seven weight vectors, {w{k}
n |n = 0, 1, ..., 6} with 0 ≤ k ≤ j, can be ex-56

tracted from the corresponding order�specific factor matrices (Eq. 5). A block�wise recurrence among57

the de�weighted factor matrices ({Tn|n = 0, 1, ..., 6}) can be observed: the 0th order de�weighted fac-58

tor matrix appears in the 2nd order de�weighted factor matrix, while the later subsequentially appears59

in the 4th order de�weighted factor matrix, which in turn appears in the 6th order de�weighted factor60
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matrix. The same applies to odd orders from the 1st order to the 5th order, as follows:61 

R
{m}
0 = 1× diag(1)× ρ0

R
{m}
1 = 1× diag(1)× ρ1

R
{m}
2 =

[
2 1
1 0

]
× diag

([
1
−1

]T)
×
[
ρ2

ρ0

]

R
{m}
3 =

[
3 1
1 0

]
× diag

([
1
−2

]T)
×
[
ρ3

ρ1

]

R
{m}
4 =

6 2 1
4 1 0
1 0 0

× diag


 1
−3
1

T
×

ρ4ρ2
ρ0



R
{m}
5 =

10 3 1
5 1 0
1 0 0

× diag


 1
−4
3

T
×

ρ5ρ3
ρ1



R
{m}
6 =


20 6 2 1
15 4 1 0
6 1 0 0
1 0 0 0

× diag




1
−5
6
−1


T×


ρ6

ρ4

ρ2

ρ0



=⇒ R
{m}
n≤6 = Tn × diag(w{k}

n )×


ρn

ρn−2

...
ρ(n mod 2)

 , (5)

where diag(w
{k}
n ) denotes the diagonalization of a vector to a diagonal matrix, as62

diag(w{k}
n ) =


w0

n 0 · · · 0
0 w1

n · · · 0
...

...
. . .

...
0 0 · · · wj

n

 . (6)

It appears that for order n ≥ 2, the de�weighted factor matrix Tn can be interpreted as an extended63

Tn−2, with zero�padding at the bottom and a factor vector t
{m}
n attached to its left side, as described64

in the following equation:65 
T0 = 1

T1 = 1

Tn≤6 =

[
t
{m}
n

[
Tn−2

0

]] . (7)

Note that both the extracted weight vector w
{k}
n and the de�weighted factor vector t

{m}
n are closely66

related to an n�row Pascal triangle. In particular, t
{m}
n corresponds to the right half of the nth row67

vector in a standard Pascal triangle (Table 1), i.e., here we have t
{m}
6 = [20 15 6 1]T , t

{m}
5 = [10 5 1]T ,68

t
{m}
4 = [6 4 1]T , t

{m}
3 = [3 1]T , t

{m}
2 = [2 1]T , t

{m}
1 = 1 and t

{m}
0 = 1 for radial polynomials of69

orders n ≤ 6; On the other hand, all extracted weight vectors w
{k}
n can be found as corresponding70

anti�diagonal vectors in the left�aligned Pascal triangle (Table 2), as w
{k}
0,1 = 1, w

{k}
2 = [1 −1],71

w
{k}
3 = [1 −2], w

{k}
4 = [1 −3 1], w

{k}
5 = [1 −4 3], w

{k}
6 = [1 −5 6 −1], where all odd elements72

(numbered from 0 onwards) are additionally assigned a negative sign.73
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W.�J. CHEN: Zernike by Pascal

To our knowledge, the above�mentioned discoveries are rarely discussed in the literature. Therefore,74

it is necessary to prove that these discoveries, i.e., the separation of coordinate�relevant and �75

irrelevant computations (Eq. 4), the extraction of order�specific weight vectors (Eq. 5), the block�wise76

recurrence within de�weighted factor matrices (Eq. 7), and the close relationship to an n�row Pascal77

triangle (Tables 1 and 2), hold for Zernike radial polynomials without order limit (i.e., ∀n > 6);78

if possible and expected, this also holds for complete Zernike polynomials (i.e., radial × azimuth79

polynomials).80

2.2. From canonical to block�wise Zernike calculation81

The canonical definition of Zernike radial polynomials, Eq. 2, has its binomial form:82

Rm
n =

(n−m)/2∑
k=0

(−1)k
(
n− k

k

)(
n− 2k
n−m
2

− k

)
ρn−2k. (8)

If we swap the terms m and k in the second binomial term, we obtain83

Rm
n =

(n−m)/2∑
k=0

(−1)k
(
n− k

k

)(
n− 2k

n−2k
2

− m
2

)
ρn−2k. (9)

In this equation, the term
(
n−k
k

)
explicitly denotes the anti�diagonal vectors in a left�aligned Pascal84

triangle, and the term
(

n−2k
n−2k

2
−m

2

)
denotes the left and right halves of the (n− 2k)th�row in a standard85

Pascal triangle, since Pascal 's triangle has its mirror symmetry with respect to its center position86

n−2k
2

.87

By Combining de Moivre's formula (cosmφ + i sinmφ) = (cosφ + i sinφ)m with the radial poly-88

nomials and converting the coordinate system from polar to Cartesian coordinates, we obtain a89

direct block�wise transformation method for calculating Zernike basis functions in the Cartesian90

coordinate system. If we define X
{q}
j =

[
x2jy0 x2j−2y2 · · · x0y2j

]T
, and set wk

n = (−1)k
(
n−k
k

)
and91

t
{l=m/2}
n =

( n−2k
n−2k

2
− {m}

2

)
, where {l} denotes the index vector as {l} = [0 1 · · · n/2]T for even orders or92

{l} = [0 1 · · · (n− 1)/2]T for odd orders, then such a direct block�wise transformation is represented93

as a transformation of homogeneous bivariate (xy) polynomials into complete Zernike polynomials,94

as the following:95 

z
−{2l}
2j =

j∑
k=0

wk
2j

(
t
{l}
2(j−k) ⊙B−

2(j−k)

)
×X

{q}
(j−k)x

−1y

z
+{2l}
2j =

j∑
k=0

wk
2j

(
t
{l}
2(j−k) ⊙B+

2(j−k)

)
×X

{q}
(j−k)

z
−{2l+1}
2j+1 =

j∑
k=0

wk
2j+1

(
t
{l}
2(j−k)+1 ⊙B−

2(j−k)+1

)
×X

{q}
(j−k)y

z
+{2l+1}
2j+1 =

j∑
k=0

wk
2j+1

(
t
{l}
2(j−k)+1 ⊙B+

2(j−k)+1

)
×X

{q}
(j−k)x

, (10)

where the terms of B−
2j, B

+
2j, B

−
2j+1 and B+

2j+1 denote four coordinate transformation matrices from the96

polar coordinate system to the Cartesian coordinate system for corresponding cos/sin components in97
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W.�J. CHEN: Zernike by Pascal

Zernike basis functions of even and odd order. These four transformation matrices form the second98

block�wise recurrence in Zernike computations, since the following recursion relation holds: 2
99



B−
0 = 0, B+

0 = 1, B−
1 = 1, B+

1 = 1

B−
2j =

[
0 0

B+
2j−1 +B−

2j−1 0

]
B+

2j =

[ [
B+

2j−1 0
]
+
[
0 B−

2j−1

][
B

+(j−1)
2j−1 0

]
−
[
0 B

−(j−1)
2j−1

]]
B−

2j+1 = B+
2j +B−

2j

B+
2j+1 = B+

2j −
[
0 B

−{0≤k≤j−1}
2j

]
, (11)

which is fully supported by the recursive nature of Pascal 's triangle, as are w
{k}
n and t

{l}
n . By expanding100

the expressions w
{k}
n , t

{l}
n and B∓

n in Eq. 10 with their corresponding recursive forms, we obtain a101

block�wise recursive computation method for Zernike basis functions:102



z−0 = 0, z+0 = 1, z−1 = y, z+1 = x

z−2j = x

[
0

O+(z
−
2j−1)

]
− y

[
0

O−(z
+
2j−1)

]
−
[
z−2j−2

0

]
z+2j = x

[
2z+0

2j−1

O+(z
+
2j−1)

]
+ y

[
2z−0

2j−1

O−(z
−
2j−1)

]
−
[
z+2j−2

0

]
z−2j+1 = xO+(z

−
2j)− yO−(z

+
2j)−

[
z−2j−1

0

]
z+2j+1 = xO+(z

+
2j) + yO−(z

−
2j)−

[
z+2j−1

0

]
, (12)

where z∓2j ≡ z
∓{0≤l≤j}
2j ≡ z

∓{m=2l}
n=2j denotes a column vector of the Zernike basis function of order103

n = 2j with j+1 elements at position (x, y), and analogously z∓2j+1 for an odd order 2j+1. The two104

vector operators O+ and O− are defined as follows:105 

O+(z
∓
n ) =

[
z
∓{<}
n

0

]
+ z∓n

O−(z
∓
n ) =

[
z
∓{<}
n

0

]
− z∓n

z∓{<}
n =

[
�
�z∓0
n z∓1

n z∓2
n · · · z∓j

n

]T
=
[
z∓1
n z∓2

n · · · z∓j
n

]T
, (13)

for performing offset addition and offset subtraction on a given vector.106

2 The mathematical derivation in this section briefly proves the two previously mentioned cases of block�wise
recurrence in Zernike computations without order restriction. Further details can be found in Appendix A.
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3. New computation scheme107

Zernike calculations in optical applications include, among others, the following topics: basis func-108

tion calculation, surface (or wavefront) reconstruction, coefficients evaluation/transformation, deriva-109

tive analysis, etc.110

3.1. Zernike basis functions111

Eq. 10 can be rewritten as a112

[
z∓m
n

]
1× (n+1)(n+2)

2

=
[
X i

n

]
1× (n+1)(n+2)

2

T as−→



z00
z−1
1

z11
z−2
2

z02
z22
...

z−n
n

z−n+2
n
...
znn



T

=



x0y0

x1y0

x0y1

x2y0

x1y1

x0y2

...
xny0

xn−1y1

...
x0yn



T

T , (14)

where [X i
n = xn−iyi] denotes the set of basis functions of homogeneous bivariate (x, y) polynomials113

with orders from 0 to n, [z∓m
n ] denotes the set of basis functions of Zernike polynomials with the114

same orders, and T denotes the transformation matrix between these two sets of basis function. It115

is convenient to arrange xy basis functions in a naturally increasing order (Eq. 14), and the same116

applies to Zernike basis functions, i.e., with the notation of ∓m 3.117

There is the inverse transformation matrix T −1, with which we have118 [
X i

n

]
=
[
z∓m
n

]
T −1. (15)

Although T −1 can be obtained by matrix inversion of T , it is recommended to construct it recur-119

sively on the basis of the two block�wise recurrences supported by Pascal 's triangle.4120

The direct transformation method for calculating Zernike basis functions can be performed by121

first calculating the basis functions of homogeneous xy polynomials and then transforming them122

by multiplying the sparse matrix T . Theoretically, the calculation of the xy�basis functions can be123

carried out efficiently and accurately according to124 {[
xny0 xn−1y1 · · · x1yn−1

]
= x

[
xn−1y0 xn−2y1 · · · x0yn−1

][
xny0 xn−1y1 · · · x1yn−1 x0yn

]
=
[[
xny0 xn−1y1 · · · x1yn−1

]
yn
] . (16)

In addition to the direct block�wise transformation method, this work also presents a block�wise125

recursive method for calculating Zernike basis functions, which is described in Eq. 12. These two126

methods are not only mathematically equivalent but also practically interchangeable. The block�wise127

recursion can start either from any order n once the previous basis functions of order n−1 and n−2128

are known, or from the 0th order.129

3 This arrangement corresponds to the OSA/ANSI standard indices for Zernike polynomials [3].
4 Table B.1 in Appendix B gives T , Table B.2 its inverse T −1, each up to order 6.
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3.2. Surface/wavefront reconstruction130

Given a set of samples of a surface or wavefront, which can be either a set131

of 3D coordinate values, {(xi, yi, zi)|i = 0, 1, 2, · · · } or a set of normal vectors132 {(
xi, yi, (zx = ∂z/∂x, zy = ∂z/∂y)i

)
|i = 0, 1, 2, · · ·

}
, a polynomial description of such a surface133

or wavefront can be reconstructed using a Least-Squares optimization:134

C{k} = argmin
C{k}

∑
k

w{i}
(
Z{i} −

(
X{i}×{k}

)
× C{k}

)2 −→ C{k} =
(
XT

(
w{i}I

)
X
)−1 (

XT
(
w{i}I

)
Z{i}

)
,

(17)
where C{k} denotes a set of coefficients, X{i}×{k} basis function values at (x, y) with {i} rows for135

individual samples and {k} columns for individual basis functions, which can be either homogeneous136

xy basis functions, or Zernike basis functions. Z{i} denotes the set of measurement values of surface137

height z{i} or of surface normal vectors (zx, zy){i}, while w{i} assigns weights to the individual samples:138

if w{i} ≡ 1, all samples are equally important for the reconstruction.139

3.3. Polynomial coefficients140

A surface/wavefront can be expressed based on Zernike polynomials with basis functions [z∓m
n ] or141

based on homogenous xy polynomials with basis functions [xn−iyi], as142

z(x, y/ρ, φ) =
N∑

n=0

(
+n∑

∓m=−n,step2

d∓m
n z∓m

n (ρ, φ/x, y)

)
≡

N∑
n=0

(
n∑

i=0

anix
n−iyi

)
. (18)

According to Eq. 17, C{k} = [d∓m
n ] holds for the coefficient vector of Zernike polynomials, and143

C{k} = [ani] the coefficient vector for homogeneous xy polynomials. This leads to another group of144

transformations145

[
d∓m
n

]
(n+1)(n+2)

2
×1

= T −1 [ani] (n+1)(n+2)
2

×1
(19)

[ani] (n+1)(n+2)
2

×1
= T

[
d∓m
n

]
(n+1)(n+2)

2
×1

(20)

which allow us to freely transform not only the basis functions but also the corresponding coefficients146

between Zernike polynomials and homogeneous xy polynomials describing a surface or a wavefront.147

3.4. Derivatives148

Derivative analysis plays an important role in optical applications: first�order derivatives for vertex149

detection and ray tracing, second�order derivatives for surface curvature analysis, third�order deriva-150

tives for local apex detection (with local maximum/minimum curvature) and surface tilt evaluation,151

etc. Using the two sparse transformation matrices mentioned above, derivative calculations, as well152

as the evaluation of the optical properties of a surface/wavefront, can be flexibly performed based153

on its polynomial description, either Zernike or homogeneous xy polynomials. In particular, we have154
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the following equation for homogeneous xy polynomials:155 
∂z(x, y/ρ, φ)

∂x
=

N∑
n=0

n∑
i=0

ani(n− i)xn−i−1yi

∂z(x, y/ρ, φ)

∂y
=

N∑
n=0

n∑
i=0

aniix
n−iyi−1

n≥i+1;i−1≥0−→


∂z

∂x
=

N−1∑
n=0

n∑
i=0

a(n+1)i(n− i+ 1)xn−iyi

∂z

∂y
=

N−1∑
n=0

n∑
i=0

a(n+1)(i+1)(i+ 1)xn−iyi

,

(21)
from which two first�order derivatives of a surface/wavefront described by homogeneous xy polynomi-156

als with order 0 ≤ n ≤ N correspond to two surfaces described by two homogeneous xy polynomials157

with order 0 ≤ n ≤ N − 1, according to the following equation158 
∂z(x, y/ρ, φ)

∂x
=

N−1∑
n=0

n∑
i=0

a
(x)
ni x

n−iyi

∂z(x, y/ρ, φ)

∂y
=

N−1∑
n=0

n∑
i=0

a
(y)
ni x

n−iyi

, (22)

in which we newly introduce two sets of polynomial coefficients have: a
(x)
ni = a(n+1)i(n − i + 1) for159

∂z/∂x and a
(y)
ni = a(n+1)(i+1)(i + 1) for ∂z/∂y, which can be calculated directly from the coefficients160

of the original surface. Furthermore, second�order derivatives can be calculated from first�order161

derivatives, third�order derivatives from second�order derivatives, etc. Using Eq. 19, these also apply162

to Zernike polynomials in polar and Cartesian coordinate systems.163

4. Discussion164

The two block�wise recurrences discovered in Sec. 2 can be interpreted as a two�dimensional ex-165

tension of the chronically observed three�term�recurrence�relation (TTRR) in orthogonal poly-166

nomials. The Gram�Schmidt orthogonalization process, which naturally introduces the TTRR (i.e.,167

Pn(x) = (Anx + Bn)Pn−1x + CnPn−2(x)), is widely used to construct orthogonal bases from homo-168

geneous xy�polynomials. In particular, for Zernike polynomials, two coordinate�value�independent169

processes: the orthogonalization process and the coordinate system transformation, respectively lead170

to these two cases of block�wise recurrence.171

Building upon the block�wise recursions revealed above and the recursive nature of Pascal 's tri-172

angle, this work presents both a block�wise direct transformation method (Eq. 10) and a block�wise173

recursive computation method (Eq. 12) for Zernike basis functions. Mathematically, these two meth-174

ods are equivalent. In contrast to the available Zernike computation techniques: the component�175

wise computation of Zernike polynomials using a list of functions in the Cartesian coordinate sys-176

tem [8], the brute�force conversion of Zernike polynomials to Cartesian polynomials (homogeneous177

xy-polynomials) [9], and the component�wise recursive computation method [6][7], this work con-178

tributes to a block�wise understanding of Zernike polynomials.179

Our special contributions include: 1. In addition to avoiding cos/sin calculations (as in [8]), we180

also avoid all calculations of repetitive factorials, divisions of large integers, and matrix inversions; 2.181

In contrast to the brute�force implementation of bidirectional conversion up to order 5 (with partial182

extension up to order 8) between Zernike basis functions and homogeneous xy basis functions [9],183

9
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we separate the calculations irrelevant to the coordinate values from those relevant to the coordinate184

values, and offer either the recursive computation of the coordinate�irrelevant factors, or the recur-185

sive computation of the complete Zernike basis functions. Such recursions are based on block�wise186

recurrences for coordinate�irrelevant calculations and their close relationship to a Pascal triangle.187

We exploit these new insights for Zernike�related computations, thereby eliminating the tedious-188

ness/complexity of high�order Zernike components and thus achieving greater flexibility for optical189

applications without restriction of order. Furthermore, this work discovers a direct, but previously190

unnoticed, block�wise connection between Zernike polynomials in Cartesian form and their recursive191

computations (Eqs. 10, 11 and 12).192

Computations Count of Multiplication (×) Count of addition (+)[
x2j−2l−1y2l+1

]
j≥1,0≤l≤j

j(j+1)
2 0[

x2j−2ly2l
]
j≥0,0≤l≤j

(j+1)(j+2)
2 − 2 0[

x2j−2ly2l+1
]
j≥0,0≤l≤j

(j+1)(j+2)
2 − 1 0[

x2j−2l+1y2l
]
j≥0,0≤l≤j

(j+1)(j+2)
2 − 1 0

z−2l
2j

(j+l)(j−l+1)
2

(j+l)(j−l+1)
2 − 1

z+2l
2j

(j+l+1)(j−l)+2(j+1)
2

(j+l+1)(j−l)+2(j+1)
2 − 1

z
−(2l+1)
2j+1

(j+l+1)(j−l)+2(j+1)
2

(j+l+1)(j−l)+2(j+1)
2 − 1

z
+(2l+1)
2j+1

(j+l+1)(j−l)+2(j+1)
2

(j+l+1)(j−l)+2(j+1)
2 − 1

Table 3. Counts of arithmetic instructions for a Zernike component z±m
n , where sin and cos com-

ponents of even and odd orders are considered separately.

4.1. Computational performance: a preliminary evaluation193

The direct block�wise transformation method described in Eq. 10 and Eq. 14 for calculating Zernike194

basis functions can be interpreted as an upgraded version of the xy�form�LUT method mentioned in195

section 1. Instead of explicitly defining a LUT of independent functions or equations for individual196

Zernike components in their xy�polynomial form, one or four recursively extendable transformation197

matrixes and a recursively extendable list of basis functions of Cartesian xy�polynomials (e.g., based198

on Eq. 16) are combined by matrix multiplications, resulting in the required Zernike basis functions.199

Theoretically, this upgrade does not change the essential computational complexity for a single200

Zernike component, which can be measured as the number of two arithmetic CPU instructions:201

multiplication and addition. For a required Zernike component with polynomial order n = 2j or202

n = 2j + 1 and azimuth order m = ±2l or m = ±(2l + 1), the numbers of essential arithmetic203

instructions are listed in Table 3, where the construction of T is not counted because it is coordinate�204

independent and can therefore be calculated in advance as a factor LUT for the Zernike calculation.205

In short, this work improves the traditional Zernike computation scheme based on the xy�polynomial206

form with two significant advantages: 1) It is no longer necessary to repeatedly calculate the xy�basis207

functions in each calculation function/equation of individual Zernike components in Cartesian form;208

2) There is no longer order restriction caused by the limited list of Zernike components with their209

Cartesian form given in the literature.210
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(a)

(b)

Figure 1. Comparison of computational complexity (I): (a) number of multiplications; (b) number
of additions. Four curves in (a) show the maximum and minimum multiplication requirements for
the component�wise recursion method and the direct transformation method for a required Zernike

component at one (x, y) position; the same applies to four curves in (b) for addition operations.

It is noticeable that the computational complexity of this direct transformation method is not211

the same for individual Zernike components with the same polynomial order n, but depends on212

their azimuth order ±m, where z−n
n requires minimum and z0n (or z1n) maximum calculations. In213

Fig. 1(a), two solid curves represent the minimum and maximum number of all multiplications,214

including the computation of the xy basis functions and the matrix multiplication [X]×T (Eq. 14),215

for polynomial orders from 0 to 99. These two curves are compared with two additional dashed�216

dotted curves representing the corresponding performance measurements of the Zernike computation217

method based on component�wise recurrence, where the application scenario is set to compute a218

single Zernike component with given n and m for a coordinate position (x, y). The computational219

performance of component�wise recursion is achieved by manually programming the formulas 32�220

38 in [7] (Andersen, 2018), extending the three�term�recurrence to a five�term�recurrence for full221

Zernike polynomials. Similarly, Fig. 1(b) shows the comparison of computational complexity based on222

the number of addition operations. These two comparisons demonstrate that the Zernike computation223

method based on direct block�wise transformation has high computational performance.224

The above performance evaluation makes sense in theory, but calculating a single component is225

not so common in practice. In contrast, preparing all components from order 0 to order n is nec-226

essary for surface/wavefront reconstruction and analysis. The implementation of the corresponding227

methods significantly influences the final performance assessment. Two further aspects must be con-228

sidered: 1) the reuse of lower�order results; 2) the use of modern computer hardware such as SIMD229
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(a)

(b)

Figure 2. Comparison of computational complexity (II): Time elapsed for generating all Zernike
components up to order 99 using component�wise recursion (red) compared to block�wise recursion
(blue): (a) the comparison; (b) further details on the elapsed time of block�wise recursion (with
y�axis ≤ 1.5ms). The comparison was performed for one (x, y) position, and the elapsed time is
measured in millisecond (10−3s).

(Single�Instruction�Multiple�Data) technique and Cache�hierarchy. Block�wise recursion offers a230

direct route to modern, hardware�compatible implementations. Another computational performance231

comparison was performed between the component�wise recursive calculation method mentioned232

above and the block�wise recursive calculation method. Fig. 2 shows the advantage of the latter233

method. Both methods were implemented and tested in the same MATLAB environment (DELL234

laptop, Intel(R) Core(TM) i5-1245U, 16GB RAM, 128MB Intel(R) UHD Graphics, Windows-11 OS,235

MATLAB-R2020b 64-bit) without any special coding optimization. Although this is only a prelimi-236

nary assessment, the block�wise recursive method shows better computational performance, scaling237

linearly with the polynomial order while the component�wise recursive method appears to be ex-238

ponentially relevant. This advantage stems from the inherent compatibility between the block�wise239

recursive method and modern hardware technology in civilian commercial computers.240

4.2. Computational accuracy: a preliminary evaluation241

In addition to the computational performance test described above, the computational accuracy242

was also compared using 120 spatial positions taken from 5 radius positions times 24 azimuth positions243

(see Fig. 3(a)). For each spatial position, all Zernike components from order 0 to order 99 were244

calculated using both the component�wise recursive method mentioned above ([7]) and the block�245
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wise recursive method based on Pascal 's triangle (Eq. 12). For each order, the maximum absolute246

difference between the results of both methods was recorded; thus, a difference curve along polynomial247

orders was created for each position. All 120 curves were recorded during the test. They are shown248

in Fig. 3 in two versions: the raw difference curves (b) and their logarithmic (log 10) version (c).249

(a)

(b)

(c)

Figure 3. Accuracy assessment of the block�wise recursion compared to the component�wise recur-
sion (Andersen's method [7]) for calculating Zernike basis functions: (a) 120 test positions from a
circular region with five radii (1.00, 0.96, 0.88, 0.72, 0.40) and 24 uniformly distributed azimuth angles;
(b) 120 difference curves (color�coded) with respect to the polynomial orders, each curve representing
the maximum absolute differences between two sets of Zernike components along the orders from 0
to 99 for a position in (a); (c) the logarithmic representation (log 10) of the corresponding curves in
(b), of which 17 curves are distinguished from the others by their difference value of over 3× 10−15

and whose corresponding positions all lie on the unit circle.
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The comparison results show an absolute difference of less than 6 × 10−14, with the maximum250

absolute difference exceeding 3 × 10−15 at 17 positions on the unit circle from order 50 onwards.251

This preliminary result confirmed our expectation that the block�wise recursive method can be252

interpreted as equivalent to the component�wise recursive method, although the former is proposed253

on the basis of one Pascal triangle and the latter was developed from the TTRR relationship in254

orthogonal polynomials.255

(a) (b) (c)

(d) (e) (f)

Figure 4. Accuracy comparisons (a)�(f) at six positions on the unit circle: (x, y) ≈ (-0.5000000,-
0.8660254), (-0.7071068,-0.7071068), (-0.5000000, 0.8660254), (0.5000000, 0.8660254). (0.5000000,-
0.8660254), and (-0.8660254,-0.5000000). Each comparison includes three curves: the one above for
5050 Zernike components of orders 0 to 99, calculated using the direct transformation method, as
the comparison reference; the middle one for the absolute difference of the component�wise recursive
method to the reference; and the curve below for the block�wise recursive method. All difference
curves are shown with the same value scale: ≤ 4× 10−13.

Naturally, the question arises as to the above 17 positions on the unit circle: which method is256

closer to the truth? Recursive methods (component�wise and block�wise recursion) were further257

compared with the direct transformation method (Eq. 10). Unlike that the two recursive methods,258

which were fully implemented in MATLAB with double precision, the direct transformation method259

requires additional support from an external library for �arbitrary�precision�arithmetic� due to the260

rapidly increasing integer values (i.e., binomial factors) for polynomials of order higher than 50. The261

comparison results for the six positions with the largest deviations, all located on the unit circle,262

are shown in Fig. 4. It is evident that for both recursive methods, all deviations are smaller than263

approximately 4× 10−13 compared to the direct transformation method.264
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It should be noted that this work does not constitute a definitive assessment of the accuracy of one265

method compared to others, but rather a preliminary evaluation to support the conceptual inves-266

tigation of the relationship between Zernike polynomials and Pascal 's triangle. Further evaluations267

with more detailed application scenarios are to be expected, as the difference curves reveal some268

order�dependent structural information which, although very small, is not random noise.269

4.3. Memory requirement270

Memory requirements are often a critical factor in development due to detailed application scenar-271

ios. This work offers high flexibility for practical system/algorithm development: Block�wise recursive272

computation for generating basis functions requires no additional memory; similarly, virtually no ad-273

ditional memory is needed for surface/wavefront analysis, which uses transformation matrices for274

coefficient operations and derivative computations, since all transformation matrices can be rapidly275

computed by block�wise recursive algorithms, e.g., Eq. 11 for the forward coordinate system trans-276

formation in Zernike computations.277

5. Conclusion278

In this work, the computation of Zernike basis functions was divided into two parts: the part irrele-279

vant to the coordinate values and the part relevant to the coordinate values. The first part comprises280

the computation of the coordinate transformation along with an orthogonalization process (based on281

homogeneous xy polynomials). This leads to two cases of block�wise recurrence in the coordinate�282

independent Zernike computation. The use of these two block�wise recurrences, supported by Pascal283

triangle, enables a block�wise direct transformation method and a block�wise recursive computation284

method for Zernike polynomials. The latter is more suitable for computing basis functions, while the285

former is better suited for operations and analyses of surfaces using their polynomial coefficients.286

Theoretically, this significantly improves computational speed, reduces memory requirements, and in-287

creases application flexibility without compromising accuracy. Optical applications can benefit from288

these new insights.289

This work provides a solid starting point for further theoretical and application�specific stud-290

ies, such as a comprehensive evaluation of computational complexity, a dedicated algorithmic accu-291

racy/stability investigation, and application�oriented algorithm design, Zernike analysis with non�292

circular pupil, fast higher�order derivatives of a surface described by Zernike polynomials, etc. It is293

also valuable for discovering similar cases of block�wise recurrence in other orthogonal polynomials294

constructed using the Gram-Schmidt process.295
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Appendix A: Mathematical proofs329

A.1. Pascal triangle supported block�wise recurrence in Zernike polynomials330
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orders and n = 2j +1,m = 2l+1 for odd orders, and defining two intermediate variables Jk = j− k332
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and J2k = 2Jk, we obtain333 
R2l

2j =

j−l∑
k=0

(−1)k
(
J2k + k
J2k

)(
J2k

Jk + l

)
(ρ2)Jk

R2l+1
2j+1 = ρ

j−l∑
k=0

(−1)k

((
J2k + k
J2k

)
+

(
J2k + k
J2k + 1

))((
J2k

Jk + l

)
+

(
J2k

Jk + l + 1

))
(ρ2)Jk

. (A.1)

Further defining we
k =

(
J2k+k
J2k

)
, wo

k = we
k +

(
J2k+k
J2k+1

)
, telk =

(
J2k
Jk+l

)
, and tolk = telk +

(
J2k

Jk+l+1

)
, we obtain334 

R2l
2j =

j−l∑
k=0

(−1)kwe
kt

e
lk(ρ

2)Jk

R2l+1
2j+1 = ρ

j−l∑
k=0

(−1)kwo
kt

o
lk(ρ

2)Jk

. (A.2)

In particular, we have we
k =

(
J2k+k
J2k

)
=
(
2j−k
k

)
, for which we obtain a vector by continuously335

increasing k by 1 from 0 to k = j − l, provided we
{k} =

[(
2j
0

) (
2j−1
1

)
· · ·

(
j+l
j−l

)]
as a row vector, where336

2j = n for even orders and l ≤ j; we also have wo
k = we

k +
(
J2k+k
J2k+1

)
=
(
2j−k
k

)
+
(
2j−k
k−1

)
=
(
2j+1−k

k

)
,337

provided wo
{k} =

[(
2j+1
0

) (
2j
1

)
· · ·

(
j+1+l
j−l

)]
, where 2j + 1 = n for odd orders and l ≤ j. Either we

{k}338

or wo
{k} denotes a corresponding anti�diagonal vector in a left�aligned n�row Pascal triangle (e.g.,339

Table 2 for n ≤ 6). For one even (or odd) order, we
{k} (or w

o
{k}) depends on a single variable k and is340

independent of l or m.341

Meanwhile, for an even order n = 2j, we have telk =
(

J2k
Jk+l

)
=
(
2(j−k)
(j−k)+l

)
, where telk

∣∣
k=0

=
(
2j
j+l

)
342

subject to k = 0; continuously increasing k by 1 till k = j − l, we obtain a row vector tel{k} =343 [(
2j
j+l

) (
2j−2
j−1+l

) (
2j−4
j−2+l

)
· · ·

(
2l
2l

)]
with respect to a particular l, and obtain an anti�upper�triangular344

matrix for all the 0 ≤ l ≤ j, as345

Tn=2j (t
e
lk) = te{l}{k} =



(
2j
j

) (
2j−2
j−1

) (
2j−4
j−2

)
· · ·

(
2
1

) (
0
0

)(
2j
j+1

) (
2j−2
j

) (
2j−4
j−1

)
· · ·

(
2
2

)(
2j
j+2

) (
2j−2
j+1

) (
2j−4
j

)
· · ·

· · · · · · . . .(
2j

2j−2

) (
2j−2
2j−2

)(
2j
2j

)


(j+1)×(j+1)

. (A.3)

Also for an odd order n = 2j+1, we have tolk = telk+
(

J2k
Jk+l+1

)
=
(
2(j−k)
(j−k)+l

)
+
(

2(j−k)
(j−k)+l+1

)
=
( 2(j−k)+1(

(j−k)+1
)
+l

)
,346

and an anti�upper�triangular matrix as follows:347

Tn=2j+1 (t
o
lk) = to{l}{k}



(
2j+1
j+1

) (
2j−1
j

) (
2j−3
j−1

)
· · ·

(
3
2

) (
1
1

)(
2j+1
j+2

) (
2j−1
j+1

) (
2j−3
j

)
· · ·

(
3
3

)(
2j+1
j+3

) (
2j−1
j+2

) (
2j−3
j+1

)
· · ·

· · · · · · . . .(
2j+1
2j

) (
2j−1
2j−1

)(
2j+1
2j+1

)


(j+1)×(j+1)

. (A.4)
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The results of mathematical derivation starting from binomial equivalence agree with the intuitive348

visual observation in the previous section 2.1:349 

(−1)kwe
k ≡ wk

n=2j

(−1)kwo
k ≡ wk

n=2j+1

telk

∣∣∣
k=0

≡ tm=2l
n=2j

tolk

∣∣∣
k=0

≡ tm=2l+1
n=2j+1

Tn

(
t
o/e
lk /0

)
≡ Tn =

[
t
{m}
n

[
Tn−2

0

]]
, (A.5)

where Tn

(
t
o/e
lk /0

)
denotes a variation of Tn

(
t
o/e
lk

)
by filling the elements below the anti�diagonal350

elements with zeros. Furthermore, by adopting351 

diag
(
w

{k}
2j

)
=


(−1)0we

k=0

(−1)1we
k=1

. . .

(−1)j−lwe
k=j


(j+1)×(j+1)

diag
(
w

{k}
2j+1

)
=


(−1)0wo

k=0

(−1)1wo
k=1

. . .

(−1)j−lwo
k=j


(j+1)×(j+1)

, (A.6)

Eq. A.2 can be re�written as352 
R

{2l}
2j =T2j × diag

(
w

{k}
2j )
)
×
([

(ρ2)j (ρ2)j−1 · · · (ρ2) 1
]T)

(j+1)×1

R
{2l+1}
2j+1 =T2j+1 × diag

(
w

{k}
2j+1

)
×
([

(ρ2)j (ρ2)j−1 · · · (ρ2) 1
]T)

(j+1)×1
× ρ

, (A.7)

where the radial coordinate�dependent vector
[
(ρ2)j (ρ2)j−1 · · · (ρ2) 1

]T
contains all possible (ρ2)

Jk
353

in Eq. A.2, ∀k ∈ [0, j− l], ∀l ∈ [0, j]. Essentially Eq. A.7 is equivalent to Eq. 5, and Eqs. A.3 and A.4354

are equivalent to Eq. 7, without an order limit (∀n ≥ 0).355

It is noticed that the close relationship between the radial polynomials and Pascal triangle can be356

straightforwardly obtained even without the intermediate variables Jk and J2k: The ordered set of bi-357

nomial factors
{(

n−k
k

)∣∣∣k = 0, 1, ...(n−m)/2
}
corresponds to an anti�diagonal vector of a left�aligned358

Pascal triangle, where k increases while n− k decreases, each in steps of 1, as shown in Table 2 for359

n ≤ 6; the binomial factor
(

n−2k
(n−m)/2−k

)
can be rewritten as

(
n−2k

(n−2k)/2−m/2

)
, which is equivalent360

to
(

n−2k
(n−2k)/2+m/2

)
. If k varies as the column index and l = m/2 for even orders or l = (m− 1)/2 for361

odd orders varies as the row index, the ordered factor set
{(

n−2k
(n−2k)/2+l

)∣∣∣l = 0, 1, j; k = 0, 1, ...j − l
}

362

forms a 2D matrix. For a certain k, the column vector
(

n−2k
(n−2k)/2+{l}

)
corresponds to the right half of363

the (n− 2k)th row in Pascal triangle (Table 1 for n ≤ 6). Nevertheless, using the intermediate vari-364

ables Jk and J2k, additional block�wise relationships such as wo
k = we

k+
(
J2k+k
J2k+1

)
and tolk = telk+

(
J2k

Jk+l+1

)
365

can be obtained, which, although not as intuitive, are useful for further algorithm development.366
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A.2. Zernike radial polynomials in Cartesian: the second block�wise recurrence367

Considering that ρ2 = x2 + y2, its power value (ρ2)j can be expressed as the multiplication of two368

vectors:369 (
ρ2
)j

=

j∑
q=0

bqjx
2(j−q)y2q = b

{q}
j ×X

{q}
j (A.8)

where b
{q}
j denotes a row vector containing all binomial factors of {bqj =

(
j
q

)∣∣∣q = 0, 1, 2, ...j}, cor-370

responding to the jth row in an n�row Pascal triangle, and X
{q}
j denotes a column vector of371

the sequentially listed jth basis functions of homogeneous bivariate polynomials for (x2, y2), as372 [
x2jy0 x2(j−1)y2 · · ·x0y2j

]T
. Further, the radial coordinate�dependent vector in Eq. A.7 can be rep-373

resented in matrix form as follows:374


(ρ2)j

(ρ2)j−1

...
(ρ2)
1


(j+1)×1

=


b
{q}
j 0 · · · 0 0

0 b
{q}
j−1 · · · 0 0

...
...

. . .
...

...

0 0 · · · b{q}1 0

0 0 · · · 0 b
{q}
0


(j+1)× (j+1)(j+2)

2

×


X

{q}
j

X
{q}
j−1
...

X
{q}
1

X
{q}
0


(j+1)(j+2)

2
×1

, (A.9)

which can be iteratively represented in submatrix form as follows:375 
(ρ2)j

(ρ2)j−1

...
(ρ2)
1


(j+1)×1

= Bj ×Xj =

[
b
{q}
j 0
0 Bj−1

]
(j+1)× (j+1)(j+2)

2

×
[
X

{q}
j

Xj−1

]
(j+1)(j+2)

2
×1

(A.10)

where Bj denotes the complete matrix with (j + 1) rows and (j+1)(j+2)
2

columns in Eq. A.9, Bj−1376

is its right/below submatrix with j rows and (j)(j+1)
2

columns, and the same applies to Xj and its377

sub�vector Xj−1 for the right column vector containing all X
{q}
j s. Subsequentially Eq. A.7 can be378

written as379  R
{2l}
2j =T2j × diag

(
w

{k}
2j

)
× Bj ×Xj

R
{2l+1}
2j+1 =T2j+1 × diag

(
w

{k}
2j+1

)
× Bj ×Xj × ρ

(A.11)

inside which we have two cases of coordinate�irrelevant block�wise recurrence, as follows:380 
R

{2l}
2j =

[
t
{2l}
2j

[
T2j−2

0

]]
× diag

(
w

{k}
2j

)
×
[
b
{q}
j 0
0 Bj−1

]
×
[
X

{q}
j

Xj−1

]
R

{2l+1}
2j+1 =

[
t
{2l+1}
2j+1

[
T2j−1

0

]]
× diag

(
w

{k}
2j+1

)
×
[
b
{q}
j 0
0 Bj−1

]
×
[
X

{q}
j

Xj−1

]
× ρ

. (A.12)
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For weight factors, w0
n = 1 always applies, and subsequentially w

{k}
n =

[
1 w

{k>0}
n

]
, where w

{k>0}
n381

denotes the sub�vector of w
{k}
n without its first element. Eq. A.12 can be written as follows:382


R

{2l}
2j =

[
t
{2l}
2j

[
T2j−2

0

]]
×

[
1 0

0 diag
(
w

{k>0}
2j

)]× [b{q}j 0
0 Bj−1

]
×
[
X

{q}
j

Xj−1

]

R
{2l+1}
2j+1 =

[
t
{2l+1}
2j+1

[
T2j−1

0

]]
×

[
1 0

0 diag
(
w

{k>0}
2j+1

)]× [b{q}j 0
0 Bj−1

]
×
[
X

{q}
j

Xj−1

]
× ρ

(A.13)

where all coordinate�irrelevant calculations, i.e., calculations of and between t, T, w, b and B, are383

fully supported by one n�row Pascal triangle.384

A.3. Complete Zernike by one Pascal triangle385

If we further define Jkl = j − k − l and combine de Moivre's formula with Eq. A.2, we obtain386



z+2l
2j =

j−l∑
k=0

(−1)kwe
kt

e
lk

(( Jkl∑
q=0

bqJkl(x
2)q(y2)Jkl−q

)
×
( l∑

p=0

(−1)pb2p2l (x
2)l−p(y2)p

))

z−2l
2j = x−1y

j−l∑
k=0

(−1)kwe
kt

e
lk

(( Jkl∑
q=0

bqJkl(x
2)q(y2)Jkl−q

)
×
( l−1∑

p=0

(−1)pb2p+1
2l (x2)l−p(y2)p

))

z
+(2l+1)
2j+1 = x

j−l∑
k=0

(−1)kwo
kt

o
lk

(( Jkl∑
q=0

bqJkl(x
2)q(y2)Jkl−q

)
×
( l∑

p=0

(−1)pb2p2l+1(x
2)l−p(y2)p

))

z
−(2l+1)
2j+1 = y

j−l∑
k=0

(−1)kwo
kt

o
lk

(( Jkl∑
q=0

bqJkl(x
2)q(y2)Jkl−q

)
×
( l∑

p=0

(−1)pb2p+1
2l+1 (x

2)l−p(y2)p
))

, (A.14)

which is equivalent to the following equation in matrix form:387



z
−{2l}
2j =

[
t
{2l}
2j

[
T2j−2

0

]]
×
[
1 0

0 diag(w
{k>0}
2j )

]
×
[
[b

{2p+1}
2l ⊗ b

{q}
j−l]

{l}{k} 0

0 Be−
j−1

]
×
[
X

{q}
j

Xj−1

]
x−1y

z
+{2l}
2j =

[
t
{2l}
2j

[
T2j−2

0

]]
×
[
1 0

0 diag(w
{k>0}
2j )

]
×
[
[b

{2p}
2l ⊗ b

{q}
j−l]

{l}{k} 0

0 Be+
j−1

]
×
[
X

{q}
j

Xj−1

]
z
−{2l+1}
2j+1 =

[
t
{2l+1}
2j+1

[
T2j−1

0

]]
×
[
1 0

0 diag(w
{k>0}
2j+1 )

]
×
[
[b

{2p+1}
2l+1 ⊗ b

{q}
j−l]

{l}{k} 0

0 Bo−
j−1

]
×
[
X

{q}
j

Xj−1

]
y

z
+{2l+1}
2j+1 =

[
t
{2l+1}
2j+1

[
T2j−1

0

]]
×
[
1 0

0 diag(w
{k>0}
2j+1 )

]
×
[
[b

{2p}
2l+1 ⊗ b

{q}
j−l]

{l}{k} 0

0 Bo+
j−1

]
×
[
X

{q}
j

Xj−1

]
x

.

(A.15)
This is an extension of Eq. A.13, where we have distinguished four submatrices Be−

j−1,Be+
j−1,Bo−

j−1 and388

Bo+
j−1 for the sin and cos components of even and odd orders, respectively, as well as the submatrix389
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with index (l, k) introduced by the intermediate variable Jkl = j − k − l, as follows:390

B+
2j =

[
b
{2p}
2l ⊗ b

{q}
j−l

]{l}{k}
=


b
{2p}
0 ⊗ b

{q}
j

b
{2p}
2 ⊗ b

{q}
j−1

...

b
{2p}
2j ⊗ b

{q}
0


(j+1)×(j+1)

. (A.16)

Each submatrix in the matrix above corresponds to a convolution of two vectors as follows:391

b
{2p}
2l ⊗ b

{q}
j−l =



(−1)0b02l
(−1)1b22l

...
(−1)lb2l2l


T

1×(l+1)

×


b0j−l b

1
j−l · · · bj−l

j−l 0 · · · 0

0 b0j−l · · · b
j−l−1
j−l bj−l

j−l · · · 0
...

...
. . .

...
...

...
...

0 · · · 0 b0j−l b1j−l · · · b
j−l
j−l


(l+1)×(j+1)

, (A.17)

which performs the multiplication between the azimuth polynomials and the radial polynomials for392

n = 2j of even order, +m = +(2l) part, just as b
{2p+1}
2l ⊗ b

{q}
j−l for −m = −(2l) part, while b

{2p}
2l+1 ⊗ b

{q}
j−l393

and b
{2p+1}
2l+1 ⊗ b

{q}
j−l stand for n = 2j + 1 of odd order, +m = (2l + 1) and −m = −(2l + 1) parts,394

respectively.395

Overall, Eq. A.14 and its matrix form (Eq. A.15) show two cases of block�wise recurrence in com-396

plete Zernike calculations, which are irrelevant to the coordinates, since Eq. A.15 can be represented397

as follows:398 

z
−{2l}
2j =T2j × diag(w

{k}
2j )× Be−

j ×Xjx
−1y

z
+{2l}
2j =T2j × diag(w

{k}
2j )× Be+

j ×Xj

z
−{2l+1}
2j+1 =T2j+1 × diag(w

{k}
2j+1)× Bo−

j ×Xjy

z
+{2l+1}
2j+1 =T2j+1 × diag(w

{k}
2j+1)× Bo+

j ×Xjx

(A.18)

where we have399 

Be−
0 = 0,Be+

0 = 1

Bo−
0 = 1,Bo+

0 = 1

Be−
j =

[
B−

2j 0
0 Be−

j−1

]
, B−

2j =
[
b
{2p+1}
2l ⊗ b

{q}
j−l

]{l}{k}
Be+
j =

[
B+

2j 0
0 Be+

j−1

]
, B+

2j =
[
b
{2p}
2l ⊗ b

{q}
j−l

]{l}{k}
Bo−
j =

[
B−

2j+1 0
0 Bo−

j−1

]
, B−

2j+1 =
[
b
{2p+1}
2l+1 ⊗ b

{q}
j−l

]{l}{k}
Bo+
j =

[
B+

2j+1 0
0 Bo+

j−1

]
, B+

2j+1 =
[
b
{2p}
2l+1 ⊗ b

{q}
j−l

]{l}{k}

, (A.19)

such that both Tn=2j, Tn=2j+1, Be±
j=n/2, and Bo±

j=(n−1)/2 have their recursive submatrix decomposition400

and are fully supported by an n�row Pascal triangle.401
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A.4. Block�wise Zernike calculation402

Since w0
n ≡ 1 always holds, all formulas in Eq. A.18 have an alternative pseudo�iterative form. For403

example, we have404

z
+{2l}
2j =

(
t
{l}
2j ⊙B+

2j

)
×X

{q}
j + T2(j−1) × diag

(
w

{k>0}
2j

)
× Be+

j−1 ×Xj−1 (A.20)

where ⊙ denotes the Hadamard product as element�wise multiplication between a vector and a405

matrix, e.g., we have406

t{l}⊙B{l}{k} =


t0

t1

...
tj


(j+1)×1

⊙


B0,0 B0,1 · · · B0,j

B1,0 B1,1 · · · B1,j

...
...

. . .
...

Bj,0 Bj,1 · · · Bj,j


(j+1)×(j+1)

=


t0B0,0 t0B0,1 · · · t0B0,j

t1B1,0 t1B1,1 · · · t1B1,j

...
...

. . .
...

tjBj,0 tjBj,1 · · · tjBj,j


(j+1)×(j+1)

.

(A.21)
Eq. A.20 is equivalent to407

z
+{2l}
2j =

j∑
k=0

wk
2j

(
t
{l}
2(j−k) ⊙B+

2(j−k)

)
×X

{q}
(j−k), (A.22)

which offers us a direct block�wise transformation method for calculating the cos�relevant compo-408

nents of even�order (n = 2j) Zernike basis functions in the Cartesian coordinate system. Such a409

transformation applies to all Zernike basis functions, as shown in Eq. 10.410

Appendix B: Forward and inverse transformation matrices, up to order 6411
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Table B.1. The forward transformation matrix T , up to order 6.
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Table B.2. The inverse transformation matrix T −1, up to order 6, with 2 decimal digits for visual-
ization.
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