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Zernike by One Pascal Triangle

A high performance, low memory cost and flexible
computation scheme for Zernike polynomials

Wei-Jun CHEN'*
L Carl Zeiss Meditec AG, Goschwitzer Str. 51-52, 07745 Jena, Germany

Abstract — This work uncovers two hidden cases of block—wise recurrence in Zernike com-
putations. Based on these findings, a new computation scheme for Zernike polynomials
is proposed. It uses one Pascal’s triangle for all internal factors, thus avoiding the com-
putation of factorials, cos/sin functions, and matrix inversions. It offers both a direct
transformation method and a block—wise recursive method for calculating Zernike basis
functions, thereby fulfilling the requirements for high accuracy, high speed, low memory
footprint, and great application flexibility.

Keywords. Zernike polynomials, Pascal triangle, homogeneous bivariate polynomials,
block—wise recurrence, recursive method, surface/wavefront reconstruction

1. Introduction

Zernike polynomials play a key role in many optical applications [1][2][3] due to their two main
features: 1. the orthogonality between individual polynomial components and 2. the direct correspon-
dence with optical Seidel aberrations. Zernike polynomials are usually defined as

cos(mep) for +m
sin(me) for —m

N N G . L
D (k!(w—mk)!(%k)!p ) @

2" (p, @) = RIMp) { : (1)

k=0 2

where R} is called the Zernike radial polynomial. The above equations appear in the literature [4][5]
with different notations for the m—term. This work adopts the 4+m notation since this notation
provides an explicit and convenient way to divide Zernike components of order n into their even part
(+£m = £2[), and their odd part +m = +(2[ + 1), and to subdivide each part into distinct cos and
sin subparts. Incidentally, all odd parts of the components for the even order (n = 2j) and all even
parts of the components for the odd order (n = 2j 4 1) are discarded to avoid non-integer factorials
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n=20 1

n=1 |

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1
n=>5 1 5 10 10 5 1
n=6 1 6 15 20 15 6 1

Table 1. A standard 6—row Pascal triangle and its right half vectors

in Zernike radial polynomials (Eq. 2), and all index terms n, m, [, j, k in this work are non-negative
integers, and [ < j and k < (5 —1).

If the polynomial order is not high, the calculation of Zernike polynomials is usually satisfied by the
definition formulas. For Zernike radial polynomials a three—term-recurrence—relation (TTRR)
exists and has been applied component—wise to higher—order recursive Zernike calculations [6][7]:

R = (RIS (p) + R p) ) = Rita(p) (3)

On the other hand, Zernike polynomials are essentially one of the orthogonalized versions of the
homogeneous bivariate polynomials in a Cartesian coordinate system with a unit circle and a coor-
dinate center. In practice, the computation of Zernike polynomials is often based on a look—up—table
(LUT) of the corresponding Cartesian forms of the individual Zernike components [3][8][9], although
the complexity of such Cartesian forms increases sharply with polynomial order.

To achieve greater flexibility compared to component-wise recursive computations, and to lower the
limits of polynomial order and complexity in Cartesian form based computations, this work uncovers
two cases of block-wise recurrence in Zernike computations' and offers both a direct block—wise
transformation method and a block—wise recursive method for matrix—form Zernike computations.
The application of such block—wise methods promises higher computational speed and lower memory
footprint without compromising accuracy.

The rest of this paper is organized as follows: The next section presents two hidden block-wise
recurrences along with their close relationship to an n-row Pascal’s triangle; subsequently Sec. 3 ex-
plores a new computation scheme for Zernike polynomials, which covers basis function computation,
coefficient determination, polar/Cartesian coordinate conversion, and application specific derivative
analysis, among others; further technical discussions can be found in Sec. 4, where a preliminary
performance evaluation is conducted in term of computational complexity, accuracy stability, mem-
ory requirements, and application flexibility; finally, Sec. 5 concludes this paper with an outlook on
future works.

2. Zernike polynomials supported by one Pascal’s triangle

2.1. Pascal triangle supported block—wise recurrence

The Zernike radial polynomials of the first n < 6 orders can be expressed in matrix form, where
all radial polynomials of an order are obtained by multiplying a coordinate value irrelevant factor

L' To our knowledge, block-wise recurrence in Zernike calculations has hardly been addressed in the litera-
ture, although there is a long history of intensive studies on Zernike polynomials.
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Table 2. A left-aligned 6-row Pascal triangle and its anti-diagonal vectors

s3 matrix by a power vector of the radial coordinate values, as:

54

55

56

57

58

59

60

0 _
Ri(p)=0p ?m} .
R3(p) =2p" — 1 By =1xp

20\ _ 2 m 2 —1 2
= w3 [3
Ry(p) =3p" —2p s o \
R(p) = /' m =)< ]
Ri(p) = 6p" — 6p” +1 6 61 4

20y _ 44 _ 9.2 — p
Rﬁ(p) = 10 0] |
R3(p) = 5p" — 4p R = |5 —4 0] x |p®
R3(p) = p° 10 o] |p
R(p) = 20p° — 30p* +12p* — 1 20 —30 12 —1 o0
R2(p) = 15p° — 20p" + 6 Rim |15 720600 p‘;
Rg(p) = 6p° — 5p* 6 =5 00 P
ROy 6 \ 1 0 0 0 p
(Rs(p) = p

where RY™ denotes a column vector [jo R3; - RgﬂT for even orders (n = 2j) or

[Ry; RSy -+ Rg;iﬂT for odd orders (n = 2j + 1).

From the above equation seven weight vectors, {w;{Lk}|n =0,1,...,6} with 0 < k < j, can be ex-
tracted from the corresponding order—specific factor matrices (Eq. 5). A block—wise recurrence among
the de—weighted factor matrices ({T},|n = 0,1, ...,6}) can be observed: the 0" order de—weighted fac-
tor matrix appears in the 2"¢ order de-weighted factor matrix, while the later subsequentially appears
in the 4*" order de-weighted factor matrix, which in turn appears in the 6 order de-weighted factor
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s1 matrix. The same applies to odd orders from the 1°¢ order to the 5 order, as follows:

62
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(RI™ =1 x diag(1) x

p
RI™ =1 x diag(1) x p'

- T 2
Ry = 1 O} x diag ([_1] ) X {po}
- T
my |31 . 1 o
Ry = 1 O} x diag ({_2] ) X {pl
pn
621 11" ot P
R = |410] xdiag | [-3| | x|p*| = RZ=Toxdiag) x| ", |, ()
100 1 o° ’
L / p(n mod 2)
10 31 [ 1 p°
R =15 10| xdiag | |—-4| | x [p?
|1 00 | 3 p!
20 62 1 11" 0
my 15410 . -5 p
Rg™ = 6100 x diag 6 ><p2
L |1 000 -1 P°
where dlag( ) denotes the diagonalization of a vector to a diagonal matrix, as
w? 0 -+ 0
0 w}l o 0
diag(wi™)y =1 " |. (6)
0 0 - w

It appears that for order n > 2, the de-weighted factor matrix 7,, can be interpreted as an extended
T,_o, with zero—padding at the bottom and a factor vector i) attached to its left side, as described

in the following equation:
Th=1
Tl - 1

m [Tusa]]
e ]

Note that both the extracted weight vector wi and the de- weighted factor vector tim) are closely
related to an n—row Pascal triangle. In particular, tr{l m corresponds to the right half of the n*" row
vector in a standard Pascal triangle (Table 1), i.e., here we have té ™ =120 15 6 1]7, t{m} [10 5 1]7,

tim =64 17, ™ = BT, ™ = 2 17, t{m} = 1 and ti™ = 1 for radial polynomials of
orders n < 6; On the other hand, all extracted weight vectors w{ } can be found as Corlespondmg
anti-diagonal vectors in the left-aligned Pascal triangle (Table 2), as wékl} =1, { b= 1 —1],
wgk} = [1 -2], wik} = [1 =3 1], wék} = [1 —4 3], w({;k} = [1 =5 6 —1], where all odd elements
(numbered from 0 onwards) are additionally assigned a negative sign.

(7)

4
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To our knowledge, the above—mentioned discoveries are rarely discussed in the literature. Therefore,
it is necessary to prove that these discoveries, i.e., the separation of coordinate-relevant and —
irrelevant computations (Eq. 4), the extraction of order—specific weight vectors (Eq. 5), the block—wise
recurrence within de-weighted factor matrices (Eq. 7), and the close relationship to an n—row Pascal
triangle (Tables 1 and 2), hold for Zernike radial polynomials without order limit (i.e., Yn > 6);
if possible and expected, this also holds for complete Zernike polynomials (i.e., radial x azimuth
polynomials).

2.2. From canonical to block—wise Zernike calculation

The canonical definition of Zernike radial polynomials, Eq. 2, has its binomial form:

(n—m)/2
n—=~k n — 2k -
Ri= ) (—1)k< . )(u k)ﬂ” - (8)
k=0 g =
If we swap the terms m and £ in the second binomial term, we obtain
(n—m)/2
- n—~k n—2k\ ,_
R C G [ e o)
k=0 2 2

In this equation, the term (";k) explicitly denotes the anti—diagonal vectors in a left—aligned Pascal
triangle, and the term (nnif m) denotes the left and right halves of the (n — 2k)"—row in a standard

Pascal triangle, since Pascal’s triangle has its mirror symmetry with respect to its center position
n—2k Qk

By Combining de Moivre’s formula (cos mep + isinme) = (cos ¢ + isin )™ with the radial poly-
nomials and converting the coordinate system from polar to Cartesian coordinates, we obtain a
direct block-wise transformation method for calculating Zernike basis functions in the Cartesian
coordinate system. If we define qu} = [a%y0 %722 ... xOij]T, and set wf = (—1)’“(”;’“) and
= (L&‘f’@), where {l} denotes the index vector as {I} =[0 1 --- n/2|T for even orders or

2 2

{I} =[01--- (n—1)/2]7 for odd orders, then such a direct block-wise transformation is represented
as a transformation of homogeneous bivariate (zy) polynomials into complete Zernike polynomials,

as the following:
p

72[ !
= Z’“’% (téé ) © By >> x Xy

J
L2 = k(A {q}
L Z <t2(3 K © B2(J )) X(Jq k)

, (10)
—{21+1 l =
Z2j€rl } :ngjﬂ (t;é k1 © Do +1> s X{q}k)y
k=0
j
2+1 !
z;rj{HJr } :Z §]+1 <t;é K41 © B’L( )Jrl) X X({ﬁ}k)x
L k=0

where the terms of By, By}, By, and By, denote four coordinate transformation matrices from the
polar coordinate system to the Cartesian coordinate system for corresponding cos/sin components in
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o8 Zernike basis functions of even and odd order. These four transformation matrices form the second
oo block—wise recurrence in Zernike computations, since the following recursion relation holds: 2

[B;j—l O] + [0 BZ_j—l} (11)
[Bf(]’*l) 0] -~ {0 Ba(jfn] ’

25—1 25—1
Byjr = B + By,

—{0<k<j—1

1o  which is fully supported by the recursive nature of Pascal’s triangle, as are wi and Y. By expanding
101 the expressions w;{lk},t,{f} and B;7 in Eq. 10 with their corresponding recursive forms, we obtain a
102 block—wise recursive computation method for Zernike basis functions:

( - Sy - N =
20 =0,z =1,2y =y,2f =z

%% oyss ) ¥ lo- ) = |5
- O, (231) O_(23;-1) 0
D E
BN 25—1 2
2 = {m)] *y {o_ul;_l)]

£ = BOR(E5) = O = [
+
T

2351 = vO04(25;) + yO_(23;) — [ 6*1
s where 23, = z;{oglg b = zj:{g;:m} denotes a column vector of the Zernike basis function of order

we 1 = 2j with j+1 elements at position (z,y), and analogously 23;,, for an odd order 2j + 1. The two
ws vector operators O, and O_ are defined as follows:

( F{<}

0, (%) = [Z”O } .

F Bt F
O—(Zn) = |: 0 :|_zn ) (13)
AT = 30 7 3 Z;FJ]T

we for performing offset addition and offset subtraction on a given vector.

2 The mathematical derivation in this section briefly proves the two previously mentioned cases of block—wise
recurrence in Zernike computations without order restriction. Further details can be found in Appendix A.
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3. New computation scheme

Zernike calculations in optical applications include, among others, the following topics: basis func-
tion calculation, surface (or wavefront) reconstruction, coefficients evaluation /transformation, deriva-
tive analysis, etc.

3.1. Zernike basis functions

Eq. 10 can be rewritten as a

- T ~ - T
0 0,0
Zol 7y
— 1,0
21 Yy
1 0,1
212 Y
- 2,0
29 Yy
0 1
25 'y
Fm i as 22 2%y?
[277] | wrnmen = [X)], minmen T — = T, (14)
2 2 . .
0
z " "y
Z;n+2 xn—lyl
0
A L 7y"

n—i

where [X! = 2" 'y] denotes the set of basis functions of homogeneous bivariate (x,y) polynomials
with orders from 0 to n, [z]™] denotes the set of basis functions of Zernike polynomials with the
same orders, and T denotes the transformation matrix between these two sets of basis function. It
is convenient to arrange xy basis functions in a naturally increasing order (Eq. 14), and the same
applies to Zernike basis functions, i.e., with the notation of Fm 3.

There is the inverse transformation matrix 7!, with which we have

(X0 = =] T (15)

Although 7! can be obtained by matrix inversion of T, it is recommended to construct it recur-
sively on the basis of the two block—wise recurrences supported by Pascal’s triangle.?

The direct transformation method for calculating Zernike basis functions can be performed by
first calculating the basis functions of homogeneous zy polynomials and then transforming them
by multiplying the sparse matrix 7. Theoretically, the calculation of the xy—basis functions can be
carried out efficiently and accurately according to

n,0 n—1,1 . 1 n—1] _ n—1,0 ,n-2,1 . . .0, n—1
[my xiy :in]— [3: Yy y_ x Y }_ ' (16)
[xnyo gyl L gyl onn} _ Hxnyo 2yl gl 1} yn]

In addition to the direct block—wise transformation method, this work also presents a block—wise
recursive method for calculating Zernike basis functions, which is described in Eq. 12. These two
methods are not only mathematically equivalent but also practically interchangeable. The block—wise
recursion can start either from any order n once the previous basis functions of order n — 1 and n — 2
are known, or from the 0% order.

3 This arrangement corresponds to the OSA/ANSI standard indices for Zernike polynomials [3].
4 Table B.1 in Appendix B gives T, Table B.2 its inverse 7!, each up to order 6.
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3.2. Surface/wavefront reconstruction

Given a set of samples of a surface or wavefront, which can be either a set
of 3D coordinate values, {(x;,vy;,2)i=0,1,2,---} or a set of mnormal vectors
{(xi,yi,(zx = 0z/0x, 2, :62/8y)i) ]i:0,1,2,--~}, a polynomial description of such a surface
or wavefront can be reconstructed using a Least-Squares optimization:

Ciry = arg ggg;zw{i} (Zgy — (Xgipeqy) X Cay)” — Cpy = (XT (win D) X) ™ (X7 (wiy D) Zgy)
k

(17)
where Cy;y denotes a set of coefficients, Xy« xy basis function values at (x,y) with {i} rows for
individual samples and {k} columns for individual basis functions, which can be either homogeneous
xy basis functions, or Zernike basis functions. Zy;; denotes the set of measurement values of surface
height zf;y or of surface normal vectors (2, 2,)(;}, while wy;; assigns weights to the individual samples:
if wy; =1, all samples are equally important for the reconstruction.

3.3. Polynomial coefficients

A surface/wavefront can be expressed based on Zernike polynomials with basis functions [z,™] or
based on homogenous xy polynomials with basis functions [z"‘y’], as

2w, y/pe) =) ( > s, s0/$79>> =) <Z amﬂf"”ﬁ) : (18)

n=0 \Fm=-—n,step2 n=0

According to Eq. 17, Cgry = [d}™] holds for the coefficient vector of Zernike polynomials, and
Ciry = [ani] the coefficient vector for homogeneous xy polynomials. This leads to another group of
transformations

[dim} (n+1)2(n+2) «1 = 7-71 {Clnz] (n+1)2(n+2) «1 (19)
[am] (n+1)2(n+2) «1 - T [dim} (7L+1)2(n+2) «1 (20)

which allow us to freely transform not only the basis functions but also the corresponding coefficients
between Zernike polynomials and homogeneous xy polynomials describing a surface or a wavefront.

3.4. Derivatives

Derivative analysis plays an important role in optical applications: first—order derivatives for vertex
detection and ray tracing, second—order derivatives for surface curvature analysis, third—order deriva-
tives for local apex detection (with local maximum/minimum curvature) and surface tilt evaluation,
etc. Using the two sparse transformation matrices mentioned above, derivative calculations, as well
as the evaluation of the optical properties of a surface/wavefront, can be flexibly performed based
on its polynomial description, either Zernike or homogeneous xy polynomials. In particular, we have
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155 the following equation for homogeneous zy polynomials:

( N—-1 n
0 o
n=0 =0 n>i+1;1—1>0 n=0 i=0
H ,
(ZE y/pa -1 0z e . e
K ZOZOQW oy 2 agn1)in) (@ + 1)z "y
n= 7 \ n= 1=

(21)
156 from which two first—order derivatives of a surface/wavefront described by homogeneous zy polynomi-
157 als with order 0 < n < N correspond to two surfaces described by two homogeneous zy polynomials
158 with order 0 <n < N — 1, according to the following equation

(0 dz(z,y/p, ) y/p -
S S
o , (22)
8z(x, y/p’ ()0) — a(y)xn—zyz
ay n=0 =0 "

\

1so in which we newly introduce two sets of polynomial coefficients have: ag)

= Q(n41)i(n — 1 + 1) for
10 0z/0x and aﬁ}? = a(n41)+1) (¢ + 1) for 0z/0y, which can be calculated directly from the coefficients
11 of the original surface. Furthermore, second-order derivatives can be calculated from first—order
162 derivatives, third—order derivatives from second—order derivatives, etc. Using Eq. 19, these also apply

13 to Zernike polynomials in polar and Cartesian coordinate systems.

e 4. Discussion

165 The two block—wise recurrences discovered in Sec. 2 can be interpreted as a two—dimensional ex-
166 tension of the chronically observed three—term—recurrence-relation (77TRR) in orthogonal poly-
17 nomials. The Gram—Schmidt orthogonalization process, which naturally introduces the TTRR (i.e.,
s P,(r) = (Ayz + B,) P12 + C,,P,_5(x)), is widely used to construct orthogonal bases from homo-
160 geneous xry—polynomials. In particular, for Zernike polynomials, two coordinate—value—independent
o processes: the orthogonalization process and the coordinate system transformation, respectively lead
i1 to these two cases of block—wise recurrence.

172 Building upon the block-wise recursions revealed above and the recursive nature of Pascal’s tri-
w73 angle, this work presents both a block—wise direct transformation method (Eq. 10) and a block—wise
s recursive computation method (Eq. 12) for Zernike basis functions. Mathematically, these two meth-
s ods are equivalent. In contrast to the available Zernike computation techniques: the component—
e Wise computation of Zernike polynomials using a list of functions in the Cartesian coordinate sys-
w7 tem [8], the brute—force conversion of Zernike polynomials to Cartesian polynomials (homogeneous
ws xy-polynomials) [9], and the component-wise recursive computation method [6]|7], this work con-
170 tributes to a block—wise understanding of Zernike polynomials.

1o Our special contributions include: 1. In addition to avoiding cos/sin calculations (as in |8]), we
11 also avoid all calculations of repetitive factorials, divisions of large integers, and matrix inversions; 2.
12 In contrast to the brute—force implementation of bidirectional conversion up to order 5 (with partial
183 extension up to order 8) between Zernike basis functions and homogeneous zy basis functions [9],
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we separate the calculations irrelevant to the coordinate values from those relevant to the coordinate
values, and offer either the recursive computation of the coordinate—irrelevant factors, or the recur-
sive computation of the complete Zernike basis functions. Such recursions are based on block—wise
recurrences for coordinate-irrelevant calculations and their close relationship to a Pascal triangle.
We exploit these new insights for Zernike-related computations, thereby eliminating the tedious-
ness/complexity of high—order Zernike components and thus achieving greater flexibility for optical
applications without restriction of order. Furthermore, this work discovers a direct, but previously
unnoticed, block—wise connection between Zernike polynomials in Cartesian form and their recursive
computations (Egs. 10, 11 and 12).

’ Computations | Count of Multiplication (x) | Count of addition (+) |
2j—21—1, 21+1 JG+T)
[y ]jzl,oggj ( )(] : 0
2j—21, 21 i+1)(7+2
[x Ty LZO 0<iI<j (J )(j , —2 0
2j—21, 21+1 FD(G+2
[95 IRy }jzo,oglgj (j )(] ) —1 0
it 1, 21 TOG+2
[532] 2y ]j>0 0<I< S 0
—21 (J+l)(J I+1) GHOG=HD
2] 2 2
+21 GHEFDG-D+2G+T) GHEDG-D+2G+D _
2] 2 2
QD) GHFDG—D+2G+D) GHADG-DT2GHD _ 4
2j+1 2 2
D) GHADG-D+2G+1) GHEDGD+2GH) _ 4
2j+1 2 2

Table 3. Counts of arithmetic instructions for a Zernike component 2™, where sin and cos com-
ponents of even and odd orders are considered separately.

4.1. Computational performance: a preliminary evaluation

The direct block—wise transformation method described in Eq. 10 and Eq. 14 for calculating Zernike
basis functions can be interpreted as an upgraded version of the xy—form-LUT method mentioned in
section 1. Instead of explicitly defining a LUT of independent functions or equations for individual
Zernike components in their xy—polynomial form, one or four recursively extendable transformation
matrixes and a recursively extendable list of basis functions of Cartesian xy—polynomials (e.g., based
on Eq. 16) are combined by matrix multiplications, resulting in the required Zernike basis functions.
Theoretically, this upgrade does not change the essential computational complexity for a single
Zernike component, which can be measured as the number of two arithmetic CPU instructions:
multiplication and addition. For a required Zernike component with polynomial order n = 25 or
n = 2j + 1 and azimuth order m = 2l or m = +(2[ + 1), the numbers of essential arithmetic
instructions are listed in Table 3, where the construction of T is not counted because it is coordinate—
independent and can therefore be calculated in advance as a factor LUT for the Zernike calculation.
In short, this work improves the traditional Zernike computation scheme based on the zy—polynomial
form with two significant advantages: 1) It is no longer necessary to repeatedly calculate the zy—basis
functions in each calculation function/equation of individual Zernike components in Cartesian form;
2) There is no longer order restriction caused by the limited list of Zernike components with their
Cartesian form given in the literature.

10
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10000 —

——Max count: direct transformation e
8000 -

— Min count: direct transformation a

6000 -

4000

2000

Count of multiplications

0 10 20 30 40 50 60 0 80 90
Polynomial order n

(a)

10000 —

—— Max count: direct transformation e
8000 — Min count: direct transformation P
————— Max count: component recursion e

- s
L Min count: component recursion | ,-#
d

4000 |- =

Count of additions
s

2000 |- e

0 10 20 30 40 50 60 0 80 90
Polynomial order n

(b)

Figure 1. Comparison of computational complexity (I): (a) number of multiplications; (b) number
of additions. Four curves in (a) show the maximum and minimum multiplication requirements for
the component—wise recursion method and the direct transformation method for a required Zernike
component at one (x,y) position; the same applies to four curves in (b) for addition operations.

It is noticeable that the computational complexity of this direct transformation method is not
the same for individual Zernike components with the same polynomial order n, but depends on

their azimuth order +m, where 2" !

requires minimum and z° (or z!) maximum calculations. In
Fig. 1(a), two solid curves represent the minimum and maximum number of all multiplications,
including the computation of the zy basis functions and the matrix multiplication [X| x T (Eq. 14),
for polynomial orders from 0 to 99. These two curves are compared with two additional dashed-
dotted curves representing the corresponding performance measurements of the Zernike computation
method based on component—wise recurrence, where the application scenario is set to compute a
single Zernike component with given n and m for a coordinate position (x,y). The computational
performance of component-wise recursion is achieved by manually programming the formulas 32—
38 in [7| (Andersen, 2018), extending the three—term-recurrence to a five-term-recurrence for full
Zernike polynomials. Similarly, Fig. 1(b) shows the comparison of computational complexity based on
the number of addition operations. These two comparisons demonstrate that the Zernike computation
method based on direct block—wise transformation has high computational performance.

The above performance evaluation makes sense in theory, but calculating a single component is
not so common in practice. In contrast, preparing all components from order 0 to order n is nec-
essary for surface/wavefront reconstruction and analysis. The implementation of the corresponding
methods significantly influences the final performance assessment. Two further aspects must be con-
sidered: 1) the reuse of lower—order results; 2) the use of modern computer hardware such as SIMD
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Figure 2. Comparison of computational complexity (II): Time elapsed for generating all Zernike
components up to order 99 using component—wise recursion (red) compared to block—wise recursion
(blue): (a) the comparison; (b) further details on the elapsed time of block-wise recursion (with
y—axis < 1.5ms). The comparison was performed for one (z,y) position, and the elapsed time is
measured in millisecond (1073s).

(Single-Instruction-Multiple-Data) technique and Cache-hierarchy. Block-wise recursion offers a
direct route to modern, hardware—compatible implementations. Another computational performance
comparison was performed between the component—wise recursive calculation method mentioned
above and the block—wise recursive calculation method. Fig. 2 shows the advantage of the latter
method. Both methods were implemented and tested in the same MATLAB environment (DELL
laptop, Intel(R) Core(TM) i5-1245U, 16GB RAM, 128MB Intel(R) UHD Graphics, Windows-11 OS,
MATLAB-R2020b 64-bit) without any special coding optimization. Although this is only a prelimi-
nary assessment, the block—wise recursive method shows better computational performance, scaling
linearly with the polynomial order while the component—wise recursive method appears to be ex-
ponentially relevant. This advantage stems from the inherent compatibility between the block—wise
recursive method and modern hardware technology in civilian commercial computers.

4.2. Computational accuracy: a preliminary evaluation

In addition to the computational performance test described above, the computational accuracy
was also compared using 120 spatial positions taken from 5 radius positions times 24 azimuth positions
(see Fig. 3(a)). For each spatial position, all Zernike components from order 0 to order 99 were
calculated using both the component—wise recursive method mentioned above ([7]) and the block—
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wise recursive method based on Pascal’s triangle (Eq. 12). For each order, the maximum absolute
difference between the results of both methods was recorded; thus, a difference curve along polynomial
orders was created for each position. All 120 curves were recorded during the test. They are shown
in Fig. 3 in two versions: the raw difference curves (b) and their logarithmic (log 10) version (c).

-1 08 06 04 02 0 02 04 06 08 1

(a)

%107

5 Difference curves: component vs. block recursion |

Difference

o 10 20 30 40 50 60 70 80 90 100

Polynomial order n
(b)

Log10(Diff) curves: component vs. block recursion

Difference
L
=
T

o 10 20 30 40 50 60 70 80 90 100
Polynomial order n

()

Figure 3. Accuracy assessment of the block—wise recursion compared to the component—wise recur-
sion (Andersen’s method [7]) for calculating Zernike basis functions: (a) 120 test positions from a
circular region with five radii (1.00, 0.96,0.88,0.72,0.40) and 24 uniformly distributed azimuth angles;
(b) 120 difference curves (color—coded) with respect to the polynomial orders, each curve representing
the maximum absolute differences between two sets of Zernike components along the orders from 0
to 99 for a position in (a); (¢) the logarithmic representation (log 10) of the corresponding curves in
(b), of which 17 curves are distinguished from the others by their difference value of over 3 x 1071
and whose corresponding positions all lie on the unit circle.
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The comparison results show an absolute difference of less than 6 x 10~*, with the maximum
absolute difference exceeding 3 x 107'° at 17 positions on the unit circle from order 50 onwards.
This preliminary result confirmed our expectation that the block—wise recursive method can be
interpreted as equivalent to the component-wise recursive method, although the former is proposed
on the basis of one Pascal triangle and the latter was developed from the TTRR relationship in
orthogonal polynomials.

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

‘nnﬂf\{”\‘\“l‘\‘w

Ui UL L A LLLLLLLL i
500 1000 1500 2000 2500 3000 3500 4000 1500 sooo 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

bty

500 1000 1500 2000 2500 3000 3500 4000 4500 sooo 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

LMULLLLLLLLLLLLLLLLLLLLLLLLLLLLL el ULLLLLLLLLLLLLLLLLLLLLLLLLLLLL

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 zom 250:) sooo 3500 4000 4500 5000

%107 %107 x10°"*

....................

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

(d) (e) (f)

Figure4. Accuracy comparisons (a)—(f) at six positions on the unit circle: (z,y) ~ (-0.5000000,-
0.8660254), (-0.7071068,-0.7071068), (-0.5000000, 0.8660254), (0.5000000, 0.8660254). (0.5000000,-
0.8660254), and (-0.8660254,-0.5000000). Each comparison includes three curves: the one above for
5050 Zernike components of orders 0 to 99, calculated using the direct transformation method, as
the comparison reference; the middle one for the absolute difference of the component—wise recursive
method to the reference; and the curve below for the block—wise recursive method. All difference
curves are shown with the same value scale: < 4 x 10713

Naturally, the question arises as to the above 17 positions on the unit circle: which method is
closer to the truth? Recursive methods (component-wise and block-wise recursion) were further
compared with the direct transformation method (Eq. 10). Unlike that the two recursive methods,
which were fully implemented in MATLAB with double precision, the direct transformation method
requires additional support from an external library for “arbitrary—precision—arithmetic” due to the
rapidly increasing integer values (i.e., binomial factors) for polynomials of order higher than 50. The
comparison results for the six positions with the largest deviations, all located on the unit circle,
are shown in Fig. 4. Tt is evident that for both recursive methods, all deviations are smaller than
approximately 4 x 107! compared to the direct transformation method.
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It should be noted that this work does not constitute a definitive assessment of the accuracy of one
method compared to others, but rather a preliminary evaluation to support the conceptual inves-
tigation of the relationship between Zernike polynomials and Pascal’s triangle. Further evaluations
with more detailed application scenarios are to be expected, as the difference curves reveal some
order—-dependent structural information which, although very small, is not random noise.

4.3. Memory requirement

Memory requirements are often a critical factor in development due to detailed application scenar-
ios. This work offers high flexibility for practical system /algorithm development: Block—wise recursive
computation for generating basis functions requires no additional memory; similarly, virtually no ad-
ditional memory is needed for surface/wavefront analysis, which uses transformation matrices for
coefficient operations and derivative computations, since all transformation matrices can be rapidly
computed by block—wise recursive algorithms, e.g., Eq. 11 for the forward coordinate system trans-
formation in Zernike computations.

5. Conclusion

In this work, the computation of Zernike basis functions was divided into two parts: the part irrele-
vant to the coordinate values and the part relevant to the coordinate values. The first part comprises
the computation of the coordinate transformation along with an orthogonalization process (based on
homogeneous xy polynomials). This leads to two cases of block—wise recurrence in the coordinate—
independent Zernike computation. The use of these two block—wise recurrences, supported by Pascal
triangle, enables a block—wise direct transformation method and a block—wise recursive computation
method for Zernike polynomials. The latter is more suitable for computing basis functions, while the
former is better suited for operations and analyses of surfaces using their polynomial coefficients.
Theoretically, this significantly improves computational speed, reduces memory requirements, and in-
creases application flexibility without compromising accuracy. Optical applications can benefit from
these new insights.

This work provides a solid starting point for further theoretical and application—specific stud-
ies, such as a comprehensive evaluation of computational complexity, a dedicated algorithmic accu-
racy /stability investigation, and application-oriented algorithm design, Zernike analysis with non—
circular pupil, fast higher-order derivatives of a surface described by Zernike polynomials, etc. It is
also valuable for discovering similar cases of block—wise recurrence in other orthogonal polynomials
constructed using the Gram-Schmidt process.
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Appendix

Appendix A: Mathematical proofs

A.1. Pascal triangle supported block—wise recurrence in Zernike polynomials

The Zernike radial polynomial has its binomial form (Eq. 8). Defining n = 2j,m = 2l for even

orders and n = 25+ 1,m = 2/ + 1 for odd orders, and defining two intermediate variables J, = j —k
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( j—1
Jop + K J.
A _ k[ Y2k 2k 2\ Jj,
my =S (M) (o
I T+ B | Ttk J J M
2041 \k 2k T ok 2% 2k 2\ J,
kRQﬁ'l pkzzo( 1> (< Jok ) + (Jgk—Fl)) ((Jk+l) + (Jk+l+1)>(p )
saa  Further defining wf = (Jf]’“;k), wy = wy, + (jz’;ff), k= (J‘fjl), and 1, = 7. + (Jk{flkﬂ)’ we obtain
4 j—l
R =Y (=D witi (o)
h=0 (A.2)
Ry = PZ witp (p*) 7
\
335 In particular, we have w; = (J"f]’;;rk) = (231; ) for which we obtain a vector by continuously
336 increasing k by 1 from 0 to k = j — [, provided Wiy = [(2]) (2j1_1) e (jf;)} as a row vector, where

sz 2] = n for even orders and [ < j; we also have wj = wj + (‘}i’;i’f) = (2jk_k) + (2}5:{4) = (2j+k1_k),

s provided Wiy = [(2331) (21]) (]ilﬂ)}, where 25 + 1 = n for odd orders and | < j. Either Wy
30 OF W, denotes a corresponding anti-diagonal vector in a left-aligned n—row Pascal triangle (e.g.,

s Table 2 for n < 6). For one even (or odd) order, w{,, (or w;,) depends on a single variable k and is
Jor ) j—k)

independent of [ or m. .
342 Meanwhile, for an even order n = 2j, we have tj;, = (Jk+z = ((j{fk +l)’ where tlek’k:o = (ﬁil)
0; continuously increasing k£ by 1 till £ = j — [, we obtain a row vector Ly =

3

w

341

a3 subject to k =

3

kS
IS

[(ﬁfl) (]231121) (fjﬁl) @ﬁ)] with respect to a particular [, and obtain an anti—upper-triangular

345

matrix for all the 0 <[ < j, as

9 () ()
VESEVRS
() ¢ -

Th=oj (L) = t{ngy = - (A.3)
() ()
J
L (2j) 4 G+ x(G+1)
. o . i i 2(j—k)+1
us Also for an odd order n = 25 + 1, we have ¢}, =t + (Jk‘_]ffﬂ) = (é(_jk)lfgl) + ((ji(,ﬂ)flll) = (((j—jk)—i-:_)—i-l)’
sz and an anti-upper-triangular matrix as follows:
) O ) - ()
) () (0 - )
) o (]J+3) (jj—l—Q) (jj-i-l)
Trzzjr (L) = thy gy . (A.4)
o) )
_(2j+1) 4 G+1)xG+1)
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The results of mathematical derivation starting from binomial equivalence agree with the intuitive
visual observation in the previous section 2.1:

( (—1)sz = wZ:Qj
(_1)sz = wﬁ:Qj-&-l
lk =0 n=2j ’ (A5)
o _ ygm=2l+1
tlk’ =0 = tn=2j+1
o/e m Tnf
£ (50) == i ]
\

where T, (tfk{e / 0) denotes a variation of T, (tf,f) by filling the elements below the anti-diagonal

elements with zeros. Furthermore, by adopting

) [(—1)°ws_, -
diag (wéf ) — (=) ws_,
| (—l)j‘lwi:j: GG (A.6)
(—1)%wg_, .
diag (wgﬁl) — (=) wy_, .
| _ (=17 Mwp_; (G+1)x(j+1)

Eq. A.2 can be re-written as
R 7 g ({’?}> ( NG (2Vi-1 .. (A2 1T>
5, =Ty x diag (wy;”) ) x ([(1?) (p?) (p*) 1] .

l . k ; i T
RS =Ty x ding (wif) ) < ([0 (- (1) 1]7) o

, (A7)

Jk

where the radial coordinate-dependent vector [(p?)7 (p?)7~" -+ (p?) 1}T contains all possible (p?)
in Eq. A.2,Vk € 0,7 —1],Vl € [0, j]. Essentially Eq. A.7 is equivalent to Eq. 5, and Eqs. A.3 and A.4
are equivalent to Eq. 7, without an order limit (Vn > 0).

It is noticed that the close relationship between the radial polynomials and Pascal triangle can be
straightforwardly obtained even without the intermediate variables J, and Joi: The ordered set of bi-

nomial factors {(";k) ‘k =0,1,...(n — m)/Q} corresponds to an anti-diagonal vector of a left—aligned

Pascal triangle, where k increases while n — k decreases, each in steps of 1, as shown in Table 2 for

n < 6; the binomial factor ((n_”rﬁ/’;_k) can be rewritten as ((n_QZ;/Q;“_ . /2), which is equivalent

to ((n—QZ;/Zzim/z)‘ If k varies as the column index and [ = m/2 for even orders or [ = (m — 1)/2 for

nfn2;)2;€2+l) l=0,1,7:k=0,1,...5 — l}
n7;k3/2§+{z}) corresponds to the right half of
the (n — 2k)" row in Pascal triangle (Table 1 for n < 6). Nevertheless, using the intermediate vari-
ables Jj;, and Jy, additional block—wise relationships such as wj = wj, + (Jzk-Hc) and 9 = 16+ ( ok )

Jag+1 Jr+l+1
can be obtained, which, although not as intuitive, are useful for further gﬂgorithm development.

odd orders varies as the row index, the ordered factor set {((

forms a 2D matrix. For a certain k, the column vector ((
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A.2. Zernike radial polynomials in Cartesian: the second block—wise recurrence

Considering that p? = x? + y?, its power value (p?)’ can be expressed as the multiplication of two
vectors:
. j .
(pQ)J = Z bng(]_Q)yQQ = b;q} X Xj{Q} (A.8)

q=0

where bJ{Q} denotes a row vector containing all binomial factors of {0 = (;) q=0,1,2,...5}, cor-

responding to the j* row in an n-row Pascal triangle, and X]{q} denotes a column vector of
the sequentially listed j* basis functions of homogeneous bivariate polynomials for (z? 4?), as
(22790 2207 Dy2 . -xOij]T. Further, the radial coordinate-dependent vector in Eq. A.7 can be rep-
resented in matrix form as follows:

[ (02 ] b 0 ... 0 0] (X (0]
(p2)! 0 b7 - 0 0 X
: = o x| ;o (A9)
(p?) 0 0 ---b? 0 Xl
L G+pxt [0 0 -0 b({)q}- (j+1)x UG -Xéq}- R
which can be iteratively represented in submatrix form as follows:
_ (,202)’1_
i
: :Bjx/\f'j:{ﬁ } ><|:J 1 (A.10)
() 0 Bj (1) GG E2) Xj1 GH1G42)
L 1 J G+1yxa

where B; denotes the complete matrix with (j + 1) rows and (]H)#

W columns, and the same applies to X; and its

columns in Eq. A9, B;_4
is its right/below submatrix with j rows and
sub-vector X;_; for the right column vector containing all X]{q}s. Subsequentially Eq. A.7 can be
written as

R =Ty, x diag (wgf}) x B; x X,

{20141} {k} (A.11)
Ry; 17 =Taj41 x diag <w2j+1> X By x Xj X p
inside which we have two cases of coordinate—irrelevant block—wise recurrence, as follows:
, {a} {a}
Ré?l} — tf_l} T3j—2 x diag (wélf}> w 1% 0 [
Jj J 0 J 0 B, X,
(A.12)

Ty . " U Xt
Rl |2 (2 g ( {k} > w % % J X
2j+1 2j+1 0 18 Mo 0 Bj-1 Xj ’

19



W.—-J. CHEN: Zernike by Pascal

381 For weight factors, w? = 1 always applies, and subsequentially w{ - [1 wT{Lk>O}}, where w{k>0}
w2 denotes the sub-—vector of wi™ without its first element. Eq. A.12 can be written as follows:
Ts: 1 0 b } 0 X{Q}
R{zz} t{2l} 2j-2| o . v
0 0 diag (wlf™) | “ [0 B,0) " |
(A.13)

{a
J
0
piad {a}
e
0 Bja]  [Aj

;83 where all coordinate-irrelevant calculations, i.e., calculations of and between ¢,7T,w,b and B, are
;84 fully supported by one n—row Pascal triangle.

1
@1y | g2y | To—1
s =[50 [ T] o s et

s A.3. Complete Zernike by one Pascal triangle

386 If we further define J,; = j — k — [ and combine de Moivre’s formula with Eq. A.2, we obtain

e _:Z; m((JZ b (2)1(y2) q) x (i(—l)pbiﬁ”(:c?)l”(yQ)p))

p=0
Jrl 1-1
ol =a yZ w%(( b () () ) x (Z(—1>pb§f“<as2>l-p<y2>p>)
p=0
o ] l i l , (A.14)
+ 2 -
G =T wﬂlk(( b, (%) (y*) ™~ q> X (Z(_l)pb;—i—l(lz)l p(?f)”))
k:O p=0
(@141) j—l Ikt l
—(204+1 2p+1 -
Yj1 = ktlk<( 5, () (y*) ™ q) x (Z(—l)pbﬂl( %) p(lﬁ)"))
\ k:O p=0
sz which is equivalent to the following equation in matrix form:
274{21} _ -t{zl} ng_Q y 1 0 [b{2p+l} ® b{q}]{l}{k} 0 " Xj{q} x_ly
2 Y 0 0 dlag(w%w}) 0 B~ X4
aci t{zz} Toj_o y 1 0 [bé?p} ®b]{-q_}l]{l}{k} 0 y X]{q}

2 2 0 0 diag(w§f>o}) 0 Bt X4
o) _ t{2l+1} Ta]] [t 0 bzt ®b§q_}l]{z}{k} 01, X ,
2j+1 2]+1 0 0 diag(wéfif}) 0 B, X
+{2l+1} t{2l+1} T2j—1 > 1 0 [bé?i}l ®b§i}l]{l}{k} 0 X XJ{q} T

\ 2j+1 2]+1 0 0 diag(w%ﬁ]}) 0 B;)jl Xy
(A.15)

s This is an extension of Eq. A.13, where we have distinguished four submatrices B, B;* |, B;~, and
389 B;-’fl for the sin and cos components of even and odd orders, respectively, as Well as the submatrlx
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with index ([, k) introduced by the intermediate variable Ji; = j — k — [, as follows:

B, = [ @l e _ |2 ; o) (A.16)
b%p} @ béq} (+1)x(G+1)
Each submatrix in the matrix above corresponds to a convolution of two vectors as follows:
(_1)(1)1)%[ T b, b{i’l bél:_il Q_l e 0
oo [V | LT
(=1)0% 1x(I+1) 0 0 b?;l bjl‘;l bj:hj (+1)x (j+1)

which performs the multiplication between the azimuth polynomials and the radial polynomials for

n = 2j of even order, +m = +(2l) part, just as bgpﬂ} ® b;{q_]} for —m = —(21) part, while béf_’ﬁ ® bﬁ}l

and b7 @ bﬁ}l stand for n = 2j 4+ 1 of odd order, +m = (20 + 1) and —m = —(2] + 1) parts,
respectively.

Overall, Eq. A.14 and its matrix form (Eq. A.15) show two cases of block—wise recurrence in com-
plete Zernike calculations, which are irrelevant to the coordinates, since Eq. A.15 can be represented
as follows:

zz_j{zl} =T5; x diag(wé}“}) X B5™ % Xz ly

2P =Ty x diag(wi)) x BT x A,

_ . (A.18)
z2j{+2i+1} =Th11 X dlag(wéﬁl) x B]™ x Xy
20+1 . k o
\Z;j{-&-1+ ) =141 X dlag(“éjj—l) X Bj+ x X;x
where we have
(B =0,B"=1
[38_ = 1’ BS+ =1
e [Bz 0 C Tz {q}]{l}{k}
i L0 B?:J B2y = [le ® b
By, 0 o)
5= |0 g | B3 = 7 @] , a15)
L 7—1
ol | By 0 _ {2p+1} (qy ] 1k
Fel 5?:1] By = W 087
ot _ Bz 0 ) {1} (K}
B = | g | B = Pl o0
\ L O Bj*l

such that both T),_o;, T),—9j11, B;fi[n/Q, and B;')i(n—l)/Q have their recursive submatrix decomposition

and are fully supported by an n—row Pascal triangle.
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A 4. Block—wise Zernike calculation
Since w? = 1 always holds, all formulas in Eq. A.18 have an alternative pseudo-iterative form. For

example, we have

HQZ} = ( o B ) X XJ{Q} + Ty(j-1) X diag (wg:w}) Be+1 X Xj (A.20)

J

where © denotes the Hadamard product as element—wise multiplication between a vector and a
matrix, e.g., we have

40 BOO BOL ... BOj 0300 001 ... 4030,
1 1,0 pl,1 ... plj 1R10 41RLL .. 41l
{1 o g _ t. - B. B. B. _ t'B*° t'B t'B
(G+1)x1 G+ (G+1) (+1)x(G+1)
(A.21)
Eq. A.20 is equivalent to
P 2 !
o ZwQJ (t{} © By, )> x x| (A.22)

which offers us a direct block-wise transformation method for calculating the cos-relevant compo-
nents of even—order (n = 2j) Zernike basis functions in the Cartesian coordinate system. Such a
transformation applies to all Zernike basis functions, as shown in Eq. 10.

Appendix B: Forward and inverse transformation matrices, up to order 6
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-15

-30

-20

20

15

-30
0
-60

-30

60

-40

30

60

30

24

-24

-20

10| |0 |10 |0 |0 0|0 |0 |0 oo |©

-10

10

-10
5

-12
-12

10

20
0
10
0

-12
-12

-12

0

0

0

5

-2
0
0
0
0

6
0
0
0
0
0
0
8

g
=

10

Table B.1. The forward transformation matrix
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€00-] 0 [€0] 0 [€0-] 0 [€070] 0 0 0 0 0] o 0 0 0 0 [0 0 [0 0 o Jof[oloT]o 9

€00 | 0 |100-| o0 [r0o0-| 0 [€0] 0 0 0 0 0 [ o 0 0 0 0 [ o 0 [ o 0 o [ o] ol oo v

€00-] 0 J000] 0 [000] 0 [€70] 0 0 0 0 0o 0 0 0 0o 0o 0 o lofloloTlo z

200 | 0 [000 [ 0 [o000]| 0 [go0] 0 0 0 0 0 [ o 0 0 0 0 [ o 0 [ o 0 o lof[o oo 0

0 [100] o [100] 0 [100] 0 0 0 0 0 0 [ o 0 0 0 0 [ o 0 [ o 0 0o Lol ol oo

0 |e0-| o [o00| 0 [zo0] o 0 0 0 0 0 [ o 0 0 0 0 [ o 0 [ o 0 0o o[ ol oo

0 €0 o [€o-[ 0 [e00] o 0 0 0 0 0 [ o 0 0 0 0 [ o 0 [ o 0 0o [ ol ol olo 9

0 0 0 0 0 0| o 0 900 | o |900-| 0o |900] o 0 0 0 [ o 0 [ o 0 o Lol ol oo c

0 0 0 0 0 0| o 0 w0 | o |100-| 0o |900] o 0 0 0 [ o 0 [ o 0 o ool oo €

0 0 0 0 0 0| o 0 [100] o |T100] 0 |900] o0 0 0 0 [ o 0 [ o 0 o Lol o oo T

0 0 0 0 0 0 | o [900] o [ro0] o [t00] 0 0 0 0 0 [ o 0 [ o 0 o Lol o oo

0 0 0 0 0 0 | 0 [900-] o [100] o [w00] 0 0 0 0 0 [ o 0 [ o 0 o lof[o oo

0 0 0 0 0 0 | 0 [900| o [900-] 0 [900] 0 0 0 0 0 [ o 0 [ o 0 0o ool oo |[a ¢

910 | 0 [S00-| 0 [%0-| 0 [910] 0 0 0 0 0 [ o 0 [ero-| o [ero 0 [ o 0 o o[ ol oo v

910-| 0 100 | 0 | 100 | 0 |9T0] 0 0 0 0 0 [ o 0 _[ovo | o [er0 0 [ o 0 o Lol ol oo z

800 | 0 |20 | 0 |20 | 0 [800] 0 0 0 0 0 [ o 0 [zoo | o [900 0 [ o 0 o Lol ol oo 0

0 [co| o [eo0] o [0 o 0 0 0 0 0 [ o 0 900 ] o [900] 0 0 [ o 0 o Lol ol oo ||e

0 |oro-| o Jooo| o [oro] o 0 0 0 0 0 [ o 0 0o |ero] o 0 [ o 0 o [ ol ol ool ¥ [7

0 0 0 0 0 0| o 0 |cro-| o |eo-| 0o |so| o 0 0 0 [ o 0 [so] o o Lol ol oo €

0 0 0 0 0 0l o 0 [c0] o Jcwo| 0o |swo] o 0 0 0o 0 [go] o o lofloloTlo [

0 0 0 0 0 0 | o [ewo| o [0 o [0l 0 0 0 0 0 [ o 800 0 0 ol ool ool

0 0 0 0 0 0 | 0 [geo-| o [0 o [crol o 0 0 0 0 | 0 [eo| o [eo| o 0 0 ool oo |[e ¢

820-| 0 |200-| 0 | 200 | 0 |8z0] 0 0 0 0 0 | o [seo-[ o Jooo| o |s€0| o 0 0 | 0 [ogo-| o Joco| o [0 | 0 z

P10 | 0 | €00 0 [ €0 | o [¥T0| 0 0 0 0 0 | o [ero] o 90| o |610] 0 0 0 [ 0o [ewo] o Jewo| o [0 | 0 0

0 600 ] 0 [900] 0 [600] 0 0 0 0 0 0 [ o 0 610 ] 0 [61r0] 0 0 0 0 [ o 0 Jogo] 0o [ o[ oo z

0 0 0 0 0 0| o 0 900 | o |90 o |1€0] 0 0 0 0 [ o 0 [ 2ro] o Jogo] o 0o [ o [ o Joor] 0

0 0 0 0 0 0 [ o 0 [ 900 o [900] 0 0 0 0 0 [ o Joco| o Jiro] o 0 0 [ o Joor] o [ o

800 0o [zo| o [z0] o [s00] o 0 0 0 0o [ o [eto] o [wo| o [ero] o 0 0 [ 0o [eceo]| o [eceo[ o [ o Joot

9 c v € z T [0 c € 4 T [ o ¥ z T [ o € z T [ o z T o1 [oo f
9 c ¥ [3 T 0 |

Table B.2. The inverse transformation matrix 7!, up to order 6, with 2 decimal digits for visual-

10n.

t
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