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Abstract. A new class of partially coherent light sources, the sources with9

uni-variable cross-spectral density, has been recently introduced. Their cross-10

spectral density is obtained starting from any function of a single complex ar-11

gument having non-negative Taylor coefficients. This allows the conception of12

a virtually infinite number of physically realizable partially coherent sources.13

Here, the main characteristics of sources of this class are investigated through14

examples, with particular reference to the irradiance and coherence properties15

across the source plane and upon propagation, both in the near and in the far16

field. Furthermore, since the coherent modes of such sources present opti-17

cal vortices, parameters quantifying the vortex structure of the field across the18

source plane are also evaluated for the presented cases.19
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1 Introduction22

Structured light has attracted strong interest in recent years, largely driven by its wide range of applica-23

tions and by rapid progress in generating and detecting tailored optical fields [1, 2]. Within this area,24

partially coherent sources are increasingly regarded not as a limitation but as a useful design degree of25

freedom, since the engineering of spatial coherence can mitigate drawbacks of highly coherent beams.26

Recent reviews emphasize that partially coherent beams with structured coherence have been explored27

for concrete applications including: optical imaging [3, 4], free-space optical communications with im-28

proved robustness to atmospheric turbulence [5–8], coherence-based optical encryption and robust sig-29

nal/information transmission through complex or scattering media [8, 9], optical manipulation [10, 11],30

and remote sensing [12]. These are some of the reasons why there is great interest in devising, realizing,31

and characterizing new light sources, both coherent and partially coherent, that allow the characteristics32

of the light radiated by these sources to be modified in a controlled way [13–38].33

Interesting and promising results are derived from the presence of phase vortices, which confers34

unique capabilities to the beam radiated from the source [5, 6, 12, 39–54]. For example, they find35

application in optical manipulation, because they can exert torque on microscopic particles, enabling36

advanced optical tweezers and micromanipulation [10, 46]; in imaging and metrology, where they offer37

new possibilities for super-resolution or phase-sensitive detection [12, 44]; in optical communication,38
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since they provide an extra degree of freedom, the orbital angular momentum (OAM), for multiplexing39

and increasing data capacity [5, 6]. Vortex beams are typically generated using elements such as spiral40

phase plates, computer-generated holograms, q plates, or metasurfaces that encode the desired OAM41

mode [47, 50, 51, 53].42

Recently, a new type of partially coherent light source, namely, sources with uni-variable cross-43

scpetral density (CSD), has been proposed [38]. The peculiarity of sources of this class is that their44

CSD [55] can be directly derived from a function of a single complex variable [38]. The only require-45

ment this function has to fulfill in order for it to be associated to a well defined CSD is that its Taylor46

expansion must involve only non-negative coefficients. Several analytical forms, in some cases very47

simple, of bona-fide CSD can be devised in this way. Sources with uni-variable CSD are defined within48

a finite circular region, related to the convergence domain of the above Taylor series, and can be ex-49

pressed as the superposition of coherent modes [55] carrying optical vortices. The analytical form of50

the vortex modes is quite simple, both across the source plane and in the far zone, enabling the study51

of the coherence features of the source, as well as those of the field radiated under Fraunhofer condi-52

tions [38]. One of the important features of univariable CSDs is their capability to customize at will the53

contributions from various coherent modes, serving, at the same rate, as the OAM modes. This renders54

them ideal for high-capacity information-transfer applications employing structured light.55

The main aim of the present paper is, on one hand, to extend to the Fresnel regime the study of56

the propagation of beams radiated from sources with uni-variable CSD; on the other hand, to study the57

effects of truncating the number of the modes involved in the expansion. Examples will be presented,58

concerning the so-called sZegö source, introduced in [38], which is obtained with an infinite number59

of Taylor terms, all with the same coefficient. Taking only a finite number of terms gives rise to the60

truncated sZegö source, introduced here, which represents a more realistic model for a partially coherent61

source, suitable to be physically realized. Finally, hints for devising other types of uni-variable CSDs62

are given for some cases in which the CSD takes a simple closed form.63

2 Preliminaries64

2.1 Uni-variable CSDs65

A uni-variable CSD [38] is defined from any function g of a single complex variable ζ such that66

g(ζ) =
∞∑

n=0

cn ζ
n , (1)

where67

cn ≥ 0 (∀n) , (2)

and ζ belongs to the convergence domain of the series. By suitably scaling the argument of g it is always68

possible to set such a domain as69

|ζ | < 1 . (3)

The CSD associated with g is obtained by letting70

ζ =
r1r2

r2
0

ei(φ1−φ2) , (4)

where (r1, φ1) and (r2, φ2) are the polar coordinates of two points across the source plane (r1 and r2)71

and r0 is the radius of the circular region where the source is defined. It should be noted that although72

the CSD depends on two points, for this class of sources the dependence enters only through the single73

complex parameter ζ, following the terminology introduced previously in Ref [38]. Therefore, using74

Eqs. (1) and (4) we define, across the plane z = 0,75

W(r1, r2, 0) = g
(

r1r2

r2
0

ei(φ1−φ2)
)
=

∞∑
n=0

cn

(
r1r2

r2
0

)n

ein(φ1−φ2) , (|r| < r0) . (5)
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The sum in Eq. (5) can be read as the Mercer expansion of W0, that is, [55]76

W(r1, r2, 0) =
∞∑

n=0

λn Φn(r1, 0)Φ∗n(r2, 0) , (6)

with coherent modes (taken into account their normalization) given by77

Φn(r, 0) =

√
n + 1
π r2

0

(
r
r0

)n

circ
(

r
r0

)
einφ , (n = 0, 1, ...), (7)

and eigenvalues78

λn = cn
π r2

0

n + 1
, (n = 0, 1, ...), (8)

where circ(r) is the characteristic function of a unit disk centered at the origin of the axes. The second79

argument of the modes Φn refers to the z-coordinate of the transverse plane where they are evaluated (in80

this case, across the source, that is, z = 0). The condition in Eq. (2), together with Eq. (8), guaranties81

that λn > 0 (∀n), so that the CSD turns out to be well defined [13, 14].82

The modes in Eq. (7) are recognized at once as optical vortices [49] with charge n. They have the83

same structure as Laguerre–Gaussian beams [56] in which the Laguerre polynomial has order zero and84

where the Gaussian function has been replaced by a circ.85

The number of genuine CSDs that can be obtained following the present approach is practically86

unlimited, the only constraint that the function g has to fulfill being the fact that the coefficients of its87

Taylor expansion are all non-negative. Examples will be given in the following, where simple forms of88

CSDs will be presented, together with the mean features of the beams they radiate.89

2.2 Characterization of uni-variable CSDs in OAM space90

Uni-variable CSD represents one of a few known model optical fields that carry OAM in multiple91

modes, either finite or infinite. For the characterization of radial-only correlations among the OAM92

modes in such fields, the coherence–orbital angular momentum (COAM) matrix
←→
W (ρ1, ρ2, z) and its93

derivatives can be used [57]. Each element of the COAM matrix is a scalar radial field correlation at a94

pair of OAM indices, given by expression:95

Wℓm(r1, r2, z) =
1

4π2

2π∫
0

2π∫
0

W(r1, r2, z)e−i(ℓφ1−mφ2)dφ1dφ2, −∞ < ℓ,m < ∞. (9)

The COAM matrix is the counterpart of the CSD matrix defined in polarization space to the OAM96

space and carries similar properties (quasi-Hermiticity, non-negative definiteness, etc.). However, it97

can have any size, say L × L, where L is the largest by magnitude OAM index involved. Also, for98

theoretical models, infinitely dimensional matrices are possible with certain convergence constraints.99

The uni-variable beam model is of this type.100

Two derivatives of the COAM matrix are important and will be considered here. First, the OAM101

degree of coherence is the analog of the EM degree of coherence in the OAM space [58]:102

o(r1, r2, z) =

√
Tr[
←→
W †(r1, r2, z)

←→
W (r1, r2, z)]∏

j=1,2

√
Tr
←→
W (r j, r j, z)

. (10)

It provides the cumulative information about the normalized correlations at a pair of radii for all pairs103

of the OAM modes, regardless from the OAM phase information contained in each mode.104

Second, it was found that a harmonic beam carrying OAM in L modes traces an orbitalization ellipse105

in LD OAM space (polar Fourier space) at a fixed radius [59], analogously to the two/three component106

electric field tracing a polarization ellipse in real 2D/3D space. To extend this geometric description107
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to partially coherent beams, the COAM matrix can be considered at a single radius r1 = r2 = r, and108

regarded as the L × L orbitalization matrix: [60]109

←→
O (r, z) =

←→
W (r, r, z), (11)

the term stemming from its formal similarly to a polarization matrix. In LD the orbitalization matrix110

is shown to decompose into three parts: completely orbitalized, unorbitalized and partially orbitalized111

in which mixing occurs for mode couples, triples, . . . , up to L − 1. The completely orbitalized matrix112

is shown to factorize, representing a beam indistinguishable from harmonic, and, hence, described by113

an orbitalization ellipse. The contribution of the intensity of the completely orbitalized portion of the114

beam in the total beam, at a fixed radius, was introduced as the degree of orbitalization [60]115

O(r, z) =
σ0(r, z) − σ1(r, z)

∞∑
n=0

σn(r, z)
, (12)

where σ0(r, z) ≥ σ1(r, z) ≥ ... ≥ σL(r, z) ≥ ... is the ordered sequence of the eigenvalues of
←→
O , all being116

real and nonnegative due to its Hermiticity and non-negative-definiteness. This quantity is analogous117

in nature to the degree of polarization and reduces to it in form for L = 2 and 3. In this work we will118

thoroughly examine its behavior for uni-variable beams.119

We note that for a univariable CSD the COAM matrix is diagonal and hence the calculations of120

both derivatives are relatively simple. For example, the OAM DOC becomes121

o(r1, r2, 0) =

√
∞∑

n=0
c2

n(r1r2/r2
0)2n

∏
j=1,2

√
∞∑

n=0
cn(r j/r0)n

. (13)

As we show below, for uni-variable beams σ0 and σ1 may depend on different cn at different radii122

and, hence, it appears impossible to write down an explicit single formula for the degree of orbital-123

ization. Instead, a piecewise-continuous function will be used, with its interval endpoints determined124

numerically.125

3 Beams radiated by uni-variable CSDs126

The propagation from sources with uni-variable CSD, both in the near and in the far field, can be dealt127

with starting from their expansion in terms of coherent modes. In such a way, from Eq. (6) we have, at128

any plane z =const.,129

W(r1, r2, z) =
∞∑

n=0

λn Φn(r1, z)Φ∗n(r2, z) , (14)

where the expression of the propagated modes Φn(r, z) depends on the approximation we use.130

Using the expression above, the spectral density and the degree of coherence of the radiated field131

can be evaluated as [55]132

S (r, z) ≡ W(r, r, z) =
∞∑

n=0

λn |Φn(r, z)|2 , (15)

and133

µ(r1, r2, z) ≡
W(r1, r2, z)

√
S (r1, z) S (r2, z)

, (16)

respectively.134



M. Santarsiero et. al Propagation of fields generated from partially coherent...

3.1 Coherent modes in paraxial regime135

Within the paraxial approximation, the propagation of the modes can be studied through the Fresnel136

integral, which, for a typical field V(r, φ, z), in polar coordinates reads [55]137

V(r, φ, z) = −
i k eikz

2πz

∞∫
0

2π∫
0

V(r′, φ′, 0) ei k
2z

[
r′2+r2−2r′r cos(φ′−φ)

]
r′ dr′ dφ′ . (17)

Using the equality138

Jn(t) =
1

2π

2π∫
0

einψ−i t sinψ dψ , (18)

after some manipulations the propagated modes take the following form:139

Φn(r, z) =
2NF

r0

√
π(n + 1) eikz (−i)n+1 ×

einφ eiπNFρ
2
∫ 1

0
Jn(2πNFρ u) eiπNF u2

un+1 du ,

(19)

where the Fresnel number has been introduced as140

NF =
kr2

0

2πz
, (20)

together with the normalized transverse coordinate141

ρ =
r
r0
= (ξ, η) . (21)

It is seen that the vortex structure of the phase is preserved during propagation and that, once the order142

n has been set, the propagated field depends only on the Fresnel number, as happens for the diffraction143

of a plane wave by a circular hole (corresponding to n = 0) [61]. Therefore, the Fresnel number will144

be taken as the natural variable to represent the propagation distance. As examples, density plots of the145

spectral density of some modes across the plane (x, z), that is, the squared modulus of the expression in146

Eq. (19), are shown in Fig. 1.147

As a first remark, we note that the property for a CSD of being uni-variable across a certain plane148

is not preserved during propagation. In fact, when modes propagate, their analytical forms actually149

change, and, in general, the product of the propagated modes, Φn(r1, z)Φ∗n(r2, z), is no longer propor-150

tional to rn
1rn

2 exp[in(φ1 − φ2)], as it is required for the series to be interpreted as a power expansion.151

Second, as also appears from Fig. 1, the on-axis irradiance is zero for all modes, except n = 0.152

Furthermore, the modes spread during propagation at a rate that increases with n, giving less and less153

significant contributions in the central zone of the transverse planes. In particular, we expect that, when154

superpositions of modes are considered, only a finite number of modes need to be taken into account,155

which depends on the extent of the region where the field has to be evaluated. For example, modes with156

order 5 or higher can be safely neglected if the field has to be evaluated at NF = 0.5 within a circular157

region of radius 2r0 (see Fig. 1).158

3.2 Coherent modes in the far field159

Unlike mode propagation in the Fresnel regime, far-field conditions lead to simple analytical forms.160

When the Fraunhofer conditions are met, the expression of a typical field (say, V∞) is obtained from161

the Fourier transform, suitably scaled, of the field across the source [61]. For simplicity, the coordinate162

across the Fourier plane (say ν) will be taken as the spatial coordinate across a transverse plane in the163

far zone. Disregarding unessential proportionality factors and curvature terms, we simply write164

V∞(ν) =
"

V(r, 0) e−2πi ν·r dr , (22)
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Figure 1. Density plots of the spectral density of some modes, |Φn(r, z)|2, across the plane (ξ, z) for
n = 0, 1, 2, 3, 4, 5.

the integral extending over the whole z = 0 plane.165

Using polar coordinates, the above integral reads166

V∞(ν) =
∫ ∞

0

∫ 2π

0
V(r, φ, 0) e−2πi νr cos(ϑ−φ) r dr dφ, (23)

with ν and ϑ the polar coordinates of ν. For the case of the modes in Eq. (7), the above integral gives167

Φn,∞(ν) =
2 (−i)n

r0

√
π(n + 1) einϑ

∫ r0

0

(
r
r0

)n+1

Jn (2π ν r) dr, (24)

Jn being the Bessel function of the first kind and order n [62]. Exploiting the following relation obeyed168

by the Bessel functions [63]:169

d
dη

[
ηn+1 Jn+1(η)

]
= ηn+1 Jn(η) , (25)

the expression of the modes propagated in the far zone takes the simple form170

Φn,∞(ν) = 2 r0 (−i)n
√
π(n + 1) einϑ Jn+1 (2πr0ν)

2πr0ν
. (26)

Note that for n = 0 the latter equation gives rise to the well-known Fraunhofer diffraction pattern from171

a circular hole [61]. Indeed, for n = 0 the vortex field coincides with that of an ordinary plane wave.172

For n , 0, we can read Eq. (26) as the diffraction pattern produced by a vortex field that impinges on a173

circular aperture [48].174
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Plots of the spectral density of the propagated modes of Eq. (26) are given in Fig. 2 for n =175

5, 10, 15. It appears that, in general, the function is very small until its argument reaches values roughly176

equal to n, and then slowly goes to zero in an oscillating way.

Figure 2. Plots of the spectral density of the modes in the far field, Eq. (26) for n = 5 (a), 10 (b), 15 (c),
with r0 = 1.

177

In light of the above result, it is useful to express the CSD of a beam radiated by a uni-variable178

source through its Mercer expansion, which reads179

W∞(ν1, ν2) = 4πr2
0

∞∑
n=0

λn(n + 1) ein(ϑ1−ϑ2) Jn+1 (2πr0ν1)
2πr0ν1

Jn+1 (2πr0ν2)
2πr0ν2

. (27)

In some cases, this expression even leads to closed forms for the degree of coherence in the far field180

(µ∞). This happens, for example, if λn ∝ (n + 1) and we limit ourselves to point along radial directions181

(i.e., ϑ1 = ϑ2), in which case it can be shown that [64]182

µ∞(ν1, ϑ, ν2, ϑ) = 2
J1 (2πr0(ν1 − ν2))

2πr0(ν1 − ν2)
. (28)

4 sZegö and truncated sZegö sources183

The first example of a uni-variable CSD we are going to show is that of the so-called sZegö source. The184

features of such a source across the source plane and in the far zone were studied and commented on185

in detail in a previous paper [38]. Here we limit ourselves to recall some of the main results obtained186

there. The effects of paraxial propagation of the radiated field will be studied here on the basis of the187

expression of the propagated modes obtained in Sec. 3.1. However, we find it convenient to perform188

such an analysis starting from a different uni-variable CSD, namely, the truncated sZegö CSD. Unlike189

sZegö CSD, in fact, the latter requires a finite number of modes and reduces to sZegö CSD when the190

number of modes goes to infinity. In such a way, the propagation features of the beams they radiate can191

be evaluated exactly through finite sums. However, we want to stress that a CSD of this type is interest-192

ing in itself because it is suitable to be synthesized in the laboratory starting from the superposition of193

a finite number of coherent fields [20, 28, 32, 37].194

4.1 The sZegö source195

To obtain a sZegö CSD we let cn = I0 (∀n) in Eq. (1), with I0 a positive constant having dimensions of196

irradiance, so that197

g(ζ) =
I0

1 − ζ
(|ζ | < 1) , (29)

and the corresponding CSD turns out to be198

WS (ρ1, ρ2, 0) =
I0

1 − ρ1ρ2 ei(φ1−φ2) circ(ρ1) circ(ρ2) . (30)
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Spectral density and degree of coherence across the source plane turn out to be, from Eqs. (15) and199

(16),200

S S (ρ, 0) =
I0

1 − ρ2 circ(ρ) , (31)

and201

µS (ρ1, ρ2, 0) =

√(
1 − ρ2

1

) (
1 − ρ2

2

)
1 − ρ1ρ2 ei(φ1−φ2) circ(ρ1) circ(ρ2) , (32)

respectively. It can be seen that the spectral density grows to infinite as ρ approaches one. This some-202

what anomalous behavior has to be ascribed to the fact that an infinite number of modes contribute to203

the CSD of the source. It will be solved in the next subsection, where the series that gives rise to sZegö204

soure will be truncated. Plots of µS (absolute value and phase) are shown in Fig. 3 as a function of ρ1205

for fixed ρ2. The absolute value of µS is seen to vary from 1 (when ρ1 = ρ2) to 0 (along the circle206

ρ1 = 1). Furthermore, when ρ2 is in the center of the source, the phase is constant and equal to 0, while207

the range of variation of the phase increases with increasing ρ2. The presence of a coherence vortex can208

also be observed, which has charge −1, centered at a point outside the source at a distance 1/ρ2 from209

the center [38].210

Figure 3. Degree of coherence for a sZegö source at the source plane relative to a point located at (a)
ρ2 = (0, 0); (b) ρ2 = (0.3, 0); (c) ρ2 = (0.6, 0); and (d) ρ2 = (0.9, 0). Absolute value is represented in
the vertical axis and the phase is coded in color scale.

The OAM degree of coherence at z = 0 can be derived using infinite geometric series. Together211

with the degree of orbitalization they take forms:212

oS (ρ1, ρ2, 0) =

√
(1 − ρ2

1)(1 − ρ2
2)

1 − ρ2
1ρ

2
2

; OS (ρ, 0) =
(
1 − ρ2

)2
. (33)

Note that OS (ρ, 0) has a particularly simple form since for this source λn(ρ, 0) ≥ λn+1(ρ, 0) for all n213

and ρ, which is not generally true for other source classes. The color density plot of the OAM degree214

of coherence for this beam is shown in Fig. 4 (a). As expected, this quantity takes the unity value at215

ρ1 = ρ2 = 0 but gradually decreases and reaches zero for ρ1 = 1 or ρ2 = 1. We also note that it is not216

generally unity in the coinciding radii ρ1 = ρ2 , 0, unlike the classic degree of coherence that would be217

in the coinciding points.218
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Figure 4. (a) OAM degree of coherence oS (ρ1, ρ2) and (b) degree of orbitalization OS (ρ) for a sZegö
source.

An explicit expression of the CSD of the field radiated in the far zone, WS ,∞, can hardly be derived219

directly from the CSD in z = 0 but from its modal expansion, with the modes of Eq. (26) and the220

eigenvalues given by221

λn = I0
π r2

0

n + 1
, (n = 0, 1, ...), (34)

takes the form222

WS ,∞(ν1, ν2) ∝
∞∑

n=0

Jn+1(2πr0ν1)
2πr0ν1

Jn+1(2πr0ν2)
2πr0ν2

ein(ϑ1−ϑ2), (35)

which can be used to evaluate S S ,∞ and µS ,∞ numerically. The latter quantities, evaluated adding the223

contribution of the first 100 modes, are shown in Figs. 5 and 6, respectively.224

For the case of the spectral density, it was found that there are no significant differences, at least in225

the range r0ν < 1, when calculating it using only the first 6 modes or the first 100 modes, so that the226

contribution of modes of order higher than 6 turns out to be negligible. Basically, the same conclusions227

hold for the degree of coherence, but in such a case the first 10 modes have to be considered. The228

degree of coherence shows cylindrical symmetry when calculated in relation to the beam axis, with229

its absolute value reaching a maximum at the center of the beam and showing decreasing oscillations,230

while the phase alternates between 0 and π. When evaluated in relation to a direction outside the axis,231

the oscillations of the absolute value of the DOC are distorted and the phase varies gradually. In this232

case also the presence of coherence vortices can be observed (with charge +1 and −1), corresponding233

to the zeros of µS ,∞ [38].234

Figure 5. Spectral density for a sZegö source in the far field (with r0 = 1), calculated by adding the
first 2, 5 and 100 modes repectively.
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Figure 6. Degree of coherence for a sZegö source across a plane in the far zone relative to a point
located at (a) ν2 = (0, 0); (b) ν2 = (0.16, 0); (c) ν2 = (0.32, 0); and (d) ν2 = (0.48, 0). Absolute value
is represented in the vertical axis and the phase is coded in color scale. The first 100 modes were
considered in the calculation.

The far-zone OAM degree of coherence of a field radiated by a sZegö source takes form235

oS (ν1, ν2) =
2
√
∞∑

n=0
J2

n+1(2πr0v1)J2
n+1(2πr0v2)√

1 − J2
0 (2πr0ν1)

√
1 − J2

0 (2πr0ν2)
, (36)

after using a summation formula for J2
n+1(2πr0ν j), j = 1, 2 in the denominator. Figure 7(a) shows this236

quantity as a function of ν1, ν2 with r0 = 1, where we restrict ourselves to a region close to the axis.237

This distribution is structurally different from that in Fig. 4(a), since the coherence no longer decreases238

monotonically with the increasing radii but oscillates between wider and narrower distributions. It239

should also be noted that for ν1 = ν2 = ν the OAM coherence remains fairly high within the plotted240

region around the axis.241

The degree of orbitalization becomes242

OS (ν) = 2
J2

p(2πr0ν) − J2
q (2πr0ν)

1 − J2
0 (2πr0ν)

, (37)

where p and q are the indices of the largest and the second largest eigenvalues σn for a given radius ν.243

We note that unlike in the source plane, where the zeroth and the first eigenvalues are the largest and244

second largest for all radii, in the far field such eigenvalues must be determined numerically. Figure 7(b)245

shows the degree of orbitalization as a function of ν, with r0 = 1, for ν ≤ 1. Unlike in the source plane,246

where this degree monotonically decreases from unity to zero, see Fig. 4(b), it shows a piece-continuous247

profile without smoothness at junctions. This is due to the fact that many OAM modes are competing248

for being the maximum and the second maximum. For example, close to the axis, modes n = 0 and249

n = 1 constitute this pair, but at ν ≈ 0.419 modes n = 1 and n = 2 become such. Hence most of the250

oscillations are due to switching to higher indexes, with one exception: in the region 0.817 ≤ ν ≤ 0.894251

the n = 0 mode has a crest becoming the second largest eigenvalue again.252
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Figure 7. (a) OAM degree of coherence oS (ν1, ν2); (b) degree of orbitalization OS (ν) for a far field
radiated by sZegö source.

4.2 Truncated sZegö sources253

In this case, we let cn = I0 if 0 ≤ n < N and cn = 0 if n ≥ N, so that Eq. (1) gives254

gT (ζ) = I0

N−1∑
n=0

ζn = I0
1 − ζN

1 − ζ
(|ζ | < 1) , (38)

and the corresponding CDS turns out to be255

WT (ρ1, ρ2, 0) = I0
1 − (ρ1ρ2)NeiN(φ1−φ2)

1 − ρ1ρ2 ei(φ1−φ2) ; (0 ≤ ρ1, ρ2 < 1) . (39)

Spectral density and degree of coherence across the source plane turn out to be, from Eqs. (15) and256

(16),257

S T (ρ, 0) = I0
1 − ρ2N

1 − ρ2 circ(ρ) , (40)

and258

µT (ρ1, ρ2, 0) =

√√√√ (
1 − ρ2

1

) (
1 − ρ2

2

)(
1 − ρ2N

1

) (
1 − ρ2N

2

) 1 − (ρ1ρ2)NeiN(φ1−φ2)

1 − ρ1ρ2 ei(φ1−φ2) circ(ρ1) circ(ρ2) , (41)

respectively. The plots of S T and µT are shown in Figs. 8 and 9, respectively. It can be seen that, as the259

number of modes increases, the spectral density becomes more and more similar to that of the sZegö260

source but never diverges, as expected. On the other hand, the DOC is highly dependent on the number261

of modes considered. Two aspects deserve to be noticed.262

First, the coherence area decreases as N increases, as expected. The second aspect concerns the263

phase structure of µT . It can be highlighted in a simpler way if we focus our attention onto the second264

fraction in Eq. (41), being the other terms positive. Using again the variable ζ = ρ1ρ2 exp[i(φ1 − φ2)],265

this term can be written as266

1 − ζN

1 − ζ
= −

N∏
n=1

(ζ − ζn)

1 − ζ
, (42)

where ζn (n = 1, ...,N) are the solutions of the equation ζN = 1, namely, ζn = exp(i2πn/N). Therefore,267

since ζN = 1, we have268

−

N∏
n=1

(ζ − ζn)

1 − ζ
=

N−1∏
n=1

(ζ − ζn) , (43)

which for fixed values of ρ2 and φ2 can be written as269

N−1∏
n=1

(ζ − ζn) = ρ(N−1)
2 e−i(N−1)φ2

N−1∏
n=1

[
ρ1 eiφ1 −

1
ρ2

ei(φ2+2πn/N)
]
, (44)
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representing the product of N−1 vortices, each having charge +1, centered on N−1 vertices of a regular270

enneagon, at a distance 1/ρ2 from the center.271

To better understand this point, let us take φ2 = 0. Then, the n-th term of the product takes the form272

ρ1 eiφ1 −
1
ρ2

ei2πn/N =

[
ξ1 −

1
ρ2

cos
(

2πn
N

)]
+ i

[
η1 −

1
ρ2

sin
(

2πn
N

)]
, (45)

which actually represents a vortex with charge +1 and center at273

ρ(n)
1 =

(
1
ρ2

cos
(

2πn
N

)
,

1
ρ2

sin
(

2πn
N

))
. (46)

The phase structure of the DOC is shown in Fig. 10 for ρ2 = (0.9, 0) and several values of N.274

Figure 8. Spectral density at the source (normalized to the maximum) for a truncated sZegö CSD with
N = 1, 2, 3, 5, 10, 20

The OAM degree of coherence for this source at z = 0 can be derived using finite geometric series.275

This quantity and the degree of orbitalization take form276

oT (ρ1, ρ2, 0) =

√
(1 − ρ2

1) (1 − ρ2
2)

1 − ρ2
1ρ

2
2

√
1 − ρ2N

1 ρ2N
2

(1 − ρ2N
1 )(1 − ρ2N

2 )
; OT (ρ, 0) =

(1 − ρ2)2

1 − ρ2N . (47)

The plots of the OAM degree of coherence for this source are shown in Fig. 11 (a)-(c), for several277

values of N. Unlike for the sZegö sources the distributions do not decrease to zero for ρ1 = 1 or ρ2 = 1278

but rather take on values in the interval (0, 1) decreasing with increasing N. The plots of the degree of279

orbitalization are shown in Fig. 12 for several values of N. The case N = ∞ is also shown corresponding280

to the un-truncated sZegö source. While all the curves have monotonic behavior taking on unit value at281

ρ = 0 and decreasing to zero at ρ = 1 only the curve for N = 1 is convex on the whole interval, all the282

others change convexity once.283

To evaluate the propagated CSD in the near and in the far field Eqs. (14) and (19), or (26) are used.284

Equations (38) and (8) give, for the eigenvalues,285

λn =


I0

π r2
0

n + 1
(0 ≤ n < N) ;

0 (n ≥ N) .

(48)

Figure 13 shows examples of the spectral density, across the (x, z) plane, of the field propagated286

from sZegö sources of various orders. It can be observed that the main contribution for large propagation287

distances is due to the 0-th order mode (compare Fig. 13 with Fig. 1 for n = 0). As commented above,288

the addition of more and more modes modifies the distribution of the spectral density only for small289
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Figure 9. Degree of coherence at the source plane, for a truncated sZegö CSD with N = 2, 4, 20 (from
top to bottom), relative to a point located at (a) ρ2 = (0, 0); (b) ρ2 = (0.3, 0); (c) ρ2 = (0.6, 0); and (d)
ρ2 = (0.9, 0). Absolute value is represented in the vertical axis and the phase is coded in color scale.

Figure 10. Phase of the degree of coherence at the source plane, for a truncated sZegö CSD relative to
the point ρ2 = (0.9, 0) for several values of N.

propagation distances. This is confirmed by the plots in Fig. 14 where the spectral density profiles are290

calculated at several propagation distances for sZegö truncated sources with different number of modes.291

For a Fresnel number NF = 4, the five profiles are different, although those corresponding to N = 30292

and N = 100 are practically the same up to a normalized distance ρ = 1. For NF = 1 the profiles293

practically coincide for all truncated sZegö sources with N ≥ 12. This profile should be the same as the294

one for sZegö source.295

The same approach can be used to evaluate the degree of coherence across different planes (Fig. 15).296

The analogous calculations across the source plane and in the far field [38] showed the presence of297

coherence vortices (in both cases), and something interesting may happen in between.298



M. Santarsiero et. al Propagation of fields generated from partially coherent...

Figure 11. OAM degree of coherence oT (ρ1, ρ2) for truncated sZegö sources with (a) N = 4; (b) N = 8;
(c) N = 16.

Figure 12. Degree of orbitalization OT (ρ) for truncated sZegö sources with different values of N. The
case N = ∞ corresponds to the non-truncated sZegö source.

Figure 13. Spectral density versus the inverse of the Fresnel number for several truncated sZegö sources
with N modes.
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Figure 14. Spectral density versus the inverse of the Fresnel number for different truncated sZegö
sources.

Figure 15. Degree of coherence relative to a point located at ρ2 = (0, 0.5) for a truncated sZegö source
with N = 4 at several propagation distances: (a) NF = 3; (b) NF = 2; (c) NF = 1; (d) NF = 0.5.
Absolute value is represented in the vertical axis and the phase is coded in color scale.

The far-zone OAM degree of coherence radiated by a truncated sZegö source takes form299

oT (ν1, ν2) =

√
N−1∑
n=0

J2
n+1(2πr0v1)J2

n+1(2πr0v2)

∏
j=1,2

√
N−1∑
n=0

J2
n+1(2πr0v j)

. (49)
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Figure 16. OAM degree of coherence oT (ν1, ν2) for truncated sZegö far fields with (a) N = 2; (b)
N = 3; (c) N = 4.

Figure 17. Degree of orbitalization OT (ν) for truncated sZegö far fields with: (a) N = 2; (b) N = 3; (c)
combination of N = 2, N = 3 and non-truncated model.

Figure 16 shows this quantity for several values of the summation index: (a) N = 2, (b) N = 3, and (c)300

N = 4. As N increases, the distributions start resembling that for the non-truncated model, if compared301

to Fig. 7(a). This practically occurs already for N = 4, as higher-order modes deliver much smaller302

contributions to the sums.303

For truncated sZegö far fields the degree of orbitalization becomes304

OT (ν) =
J2

p(2πr0ν) − J2
q (2πr0ν)

N−1∑
n=0

J2
n+1(2πr0ν)

, (50)

where, as above, p and q are the indices of the largest and the second largest eigenvalues. Analogously305

to the non-truncated model, the determination of the largest and the second largest eigenvalues for306

different radii was carried out numerically.307

Figure 17 shows formation of the degree of orbitalization for (a) N = 2 and (b) N = 3. For N = 2 the308

degree exhibits strictly oscillatory nature with smooth maxima and non-smooth minima, all at zeroes.309

This is due to the fact that only two modes compete with each other for being maximum and second310

maximum and can only alternate. This behavior is similar to that of the degree of polarization, also311

involving competition of two electric field components. Starting from N = 3 both maxima and minima312

are not smooth, since the switches are determined by three pairs of modes. Figure 17(c) summarizes313

the behavior for cases N = 2, N = 3 and N → ∞ (non-truncated model), same as in Fig. 7(b).314

In parts where the curves are almost the same, the same modes act as the largest and second largest315

eigenvalues resulting in the same numerator in Eq. (17), while the denominator has an increasing value316

with increasing N. This always occurs at small ν as the 0-th mode always dominates close to the axis.317
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5 Further examples of uni-variable sources318

Different uni-variable CSDs can be defined by choosing different sets of cn coefficients, and in many319

cases they are given in closed form, as happened for the case in the previous Section. Actually, using320

handbooks of mathematical formulas, dozens of other CSDs can be defined from formulas involving321

power series. Some of them lead to closed forms even when the series is truncated. This is particularly322

useful because, as we saw for sZegö and truncated sZegö sources, in such a case the effects of truncation323

can be evaluated quite simply. Furthermore, in any practical realization of partially coherent sources324

based on the superimposition of perfectly coherent and mutually uncorrelated fields, the number of325

modes must be necessarily truncated.326

Among others, we quote the following (formula 5.2.2.4 of [64]):327

g(ζ) = I0

∞∑
n=1

n ζn = I0
ζ

(1 − ζ)2 , (51)

together with its truncated version (formula 4.1.7.2 of [64])328

gT (ζ) = I0

N∑
n=1

n ζn = I0
ζ + (Nζ − N − 1) ζN+1

(1 − ζ)2 , (52)

with integer N.329

Another interesting example of a source obtained with a finite number of modes is that of the330

binomial source, for which (formula 4.2.3.1 of [64])331

g(ζ) = I0

N∑
n=0

(
N
n

)
ζn = I0 (1 + ζ)N . (53)

As a last example, we quote the following, which will be discussed in a little more detail. If we332

take (formula 5.2.7.2 of [64])333

g(ζ) = I0

∞∑
n=0

(
γ2ζ

)n

n!
= I0 eγ

2ζ , (54)

with γ2 a positive dimensionless parameter, the corresponding uni-variable CSD turns out to be334

WG(ρ1, ρ2) = I0 exp
{
γ2ρ1ρ2 exp

[
i(φ1 − φ2)

]}
circ (ρ1) circ (ρ2) , (55)

and the corresponding spectral density has the form335

S G(ρ) = I0 eγ
2ρ2

circ (ρ) . (56)

The interest in such sources comes from what follows. If we express WG through the vectors ρ1 and336

ρ2, since ρ j = (ξ j, η j) and ρ j exp(iφ j) = ξ j + iη j, ( j = 1, 2), Eq. (55) can also be written as337

WG(ρ1, ρ2) = I0 eγ
2(ξ1ξ2+η1η2) e−iγ2(ξ1η2−ξ2η1) circ (ρ1) circ (ρ2)

= I0 eγ
2 ρ1 ·ρ2 e−iγ2(ρ1×ρ2)z circ (ρ1) circ (ρ2) ,

(57)

or, after some manipulations,338

WG(ρ1, ρ2) = I0 eγ
2 (ρ2

1+ρ
2
2)/2 e−γ

2 |ρ1−ρ2|
2
/2 e−iγ2(ρ1×ρ2)z circ (ρ1) circ (ρ2) , (58)

which apparently has the form of a twisted Gaussian Schell-model source with saturated twist [40], the339

only difference being the sign in the argument of the Gaussian amplitude term. In particular, the degree340

of coherence turns out to be341

µG(ρ1, ρ2) = e−γ
2 |ρ1−ρ2|

2
/2 e−iγ2(ρ1×ρ2)z circ (ρ1) circ (ρ2) , (59)
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whose modulus is342 ∣∣∣µG(ρ1, ρ2)
∣∣∣ = e−γ

2 |ρ1−ρ2|
2
/2 circ (ρ1) circ (ρ2) . (60)

The eigenvalues of the Mercer expansion of WG turn out to be343

λn = I0 γ
2n π r2

0

(n + 1)!
, (61)

from which the propagation features of the radiated beams could be evaluated.344

In this case, too, the truncated version of the series can be expressed in closed form because (for-345

mula 4.1.7.10 of [64])346

gT (ζ) = I0

N∑
n=0

(
γ2ζ

)n

n!
= I0

Γ
(
N + 1, γ2ζ

)
N!

eγ
2ζ , (62)

where Γ(·, ·) is the incomplete Gamma function [63].347

6 Conclusions348

Uni-variable CSDs can be derived from any function of a single complex argument whose Taylor series349

involves only non-negative coefficients. The convergence range of the series determines the spatial350

extent of the source. The Taylor series can be directly related to the Mercer expansion of the CSD of351

the source in such a way that the coherent modes turn out to be optical vortices, restricted to a circle at352

the source plane, and the corresponding eigenvalues are proportional to the Taylor coefficients.353

Although the coherence features of light across the source plane can be directly derived from the354

analytical form of the CSD, the analogous properties for the radiated beam can hardly be evaluated355

in closed form. Nevertheless, from the knowledge of modes and eigenvalues of the CSD across the356

source, the coherence features of the radiated beam can be evaluated both in the Fresnel regime and in357

the Fraunhofer regime.358

In this paper, the tools for studying the properties of the propagated field have been provided and359

applied to a test case, that is, the sZegö source. Furthermore, the effects, on the coherence properties360

of the source and the radiated field, of truncating the Taylor series have also been investigated. This is361

crucial from an experimental point of view, because limiting the Taylor series (i.e., the coherent-mode362

expansion of the CSD) to a finite number of terms becomes necessary whenever sources of this kind363

have to be synthesized through the superposition of mutually uncorrelated perfectly coherent fields.364

Since the coherent modes of uni-variable CSDs possess vortex-like structures at various OAM365

indices, the overall fields can be regarded as carrying OAM in multiple states. Hence, besides the366

spectral density and the degree of coherence, which carry information about correlations in the physical367

space, some recently introduced measures, namely, the OAM degree of coherence and the degree of368

orbitalization, have also been invoked to characterize solely the radial correlations of the investigated369

sources in the OAM space, i.e., the polar Fourier space.370

Although the technique presented here has been applied to the sZegö CSD and to its truncated371

version (the truncated sZegö CSD), it can be applied to any source of the uni-variable type. The number372

of uni-variable CSD that can be envisaged starting from the Taylor expansion of a single-argument373

function is actually huge, and this work lays the foundation for the design and tayloring of sources with374

required coherence characteristics, both on the source plane and in propagation.375
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