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Abstract. A new class of partially coherent light sources, the sources with uni-variable cross-spectral density
(CSD), has been recently introduced. Their CSD is obtained starting from any function of a single complex
argument having non-negative Taylor coefficients. This allows the conception of a virtually infinite number
of physically realizable partially coherent sources. Here, the main characteristics of sources of this class are
investigated through examples, with particular reference to the irradiance and coherence properties across
the source plane and upon propagation, both in the near and in the far field. Furthermore, since the coherent
modes of such sources present optical vortices, parameters quantifying the vortex structure of the field across
the source plane are also evaluated for the presented cases.
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1 Introduction

Structured light has attracted strong interest in recent
years, largely driven by its wide range of applications and
by rapid progress in generating and detecting tailored opti-
cal fields [1, 2]. Within this area, partially coherent sources
are increasingly regarded not as a limitation but as a useful
degree of freedom, since the engineering of spatial coherence
can mitigate drawbacks of highly coherent beams. Recent
reviews emphasize that partially coherent beams with struc-
tured coherence have been explored for concrete applica-
tions including: optical imaging [3, 4], free-space optical
communications with improved robustness to atmospheric
turbulence [5-8], coherence-based optical encryption and
robust signal/information transmission through complex
or scattering media [8, 9], optical manipulation [10, 11],
and remote sensing [12]. These are some of the reasons
why there is great interest in devising, realizing, and char-
acterizing new light sources, both coherent and partially
coherent, that allow the characteristics of the light radiated
by these sources to be modified in a controlled way [13-3§].

Interesting and promising results are derived from the
presence of phase vortices, which confer unique capabilities

* Corresponding author: piquero@ucnm.es

to the beam radiated from the source [5, 6, 12, 39-54].
For example, they find application in optical manipulation,
because they can exert torque on microscopic particles,
enabling advanced optical tweezers and micromanipulation
[10, 46]; in imaging and metrology, where they offer new
possibilities for super-resolution or phase-sensitive detection
[12, 44]; in optical communication, since they provide an
extra degree of freedom, the orbital angular momentum
(OAM), for multiplexing and increasing data capacity
[5, 6]. Vortex beams are typically generated using elements
such as spiral phase plates, computer-generated holograms,
q plates, or metasurfaces that encode the desired OAM
mode [47, 50, 51, 53].

Recently, a new type of partially coherent light source,
namely, a source with uni-variable cross-spectral density
(CSD), has been proposed [38]. The peculiarity of sources
of this class is that their CSD [55] can be directly derived
from a function of a single complex variable [38]. The only
requirement this function has to fulfill in order for it to be
associated with a well-defined CSD is that its Taylor expan-
sion must involve only non-negative coefficients. Several
analytical forms, in some cases very simple, of bona-fide
CSD can be devised in this way. Sources with uni-variable
CSD are defined within a finite circular region, related to
the convergence domain of the above Taylor series, and
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can be expressed as the superposition of coherent modes [55]
carrying optical vortices. The analytical form of the vortex
modes is quite simple, both across the source plane and in
the far zone, enabling the study of the coherence features
of the source, as well as those of the field radiated under
Fraunhofer conditions [38]. One of the important features
of univariable CSDs is their capability to customize at will
the contributions from various coherent modes, serving, at
the same rate, as the OAM modes. This renders them ideal
for high-capacity information-transfer applications employ-
ing structured light.

The main aim of the present paper is, on one hand, to
extend to the Fresnel regime the study of the propagation
of beams radiated from sources with uni-variable CSD; on
the other hand, to study the effects of truncating the num-
ber of the modes involved in the expansion. Examples will
be presented concerning the so-called sZegd source, intro-
duced in [38], which is obtained with an infinite number
of Taylor terms, all with the same coefficient. Taking only
a finite number of terms gives rise to the truncated sZego
source, introduced here, which represents a more realistic
model for a partially coherent source, suitable to be physi-
cally realized. Finally, hints for devising other types of
uni-variable CSDs are given for some cases in which the
CSD takes a simple closed form.

2 Preliminaries
2.1 Uni-variable CSDs

A uni-variable CSD [38] is defined from any function g of a
single complex variable { such that:

o0

9(0) = Z enl", (1)
where
¢, > 0(Vn), (2)

and { belongs to the convergence domain of the series. By
suitably scaling the argument of g it is always possible to
set such a domain as

(<1 (3)

The CSD associated with g is obtained by letting
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where (11, 1) and (75, @) are the polar coordinates of two
points across the source plane (7 and 75) and 7y is the
radius of the circular region where the source is defined.
It should be noted that although the CSD depends on
two points, for this class of sources, the dependence enters
only through the single complex parameter {, following
the terminology introduced previously in reference [38].
Therefore, using equations (1) and (4) we define, across
the plane z = 0,

W(Th T2, O) = g(—m;ﬂ2 eiw‘wﬂ)
o
~S ., <7‘1 ;’2) oo (5)
T,
n=0 0
(|’f'| < T’[)).

The sum in equation (5) can be read as the Mercer expan-
sion of W, that is, [55]
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where circ(r) is the characteristic function of a unit disk
centered at the origin of the axes. The second argument
of the modes ®,, refers to the zcoordinate of the trans-
verse plane where they are evaluated (in this case,
across the source, that is, z = 0). The condition in
equation (2), together with equation (8), guarantees
that 4,, > 0 (Vn), so that the CSD turns out to be well
defined [13, 14].

The modes in equation (7) are recognized at once as
optical vortices [49] with charge n. They have the same
structure as Laguerre-Gaussian beams [56] in which the
Laguerre polynomial has order zero and where the Gaussian
function has been replaced by a circ.

The number of genuine CSDs that can be obtained
following the present approach is practically unlimited,
the only constraint that the function g has to fulfill
being the fact that the coefficients of its Taylor expan-
sion are all non-negative. Examples will be given in
the following, where simple forms of CSDs will be pre-
sented, together with the mean features of the beams
they radiate.

2.2 Characterization of uni-variable CSDs in OAM
space

Uni-variable CSD represents one of a few known model
optical fields that carry OAM in multiple modes, either
finite or infinite. For the characterization of radial-only cor-
relations among the OAM modes in such fields, the coher-
ence-orbital angular momentum (COAM) matrix

—

W (p1, ps, 2) and its derivatives can be used [57]. Each ele-
ment of the COAM matrix is a scalar radial field correlation
at a pair of OAM indices, given by the expression:
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The COAM matrix is the counterpart of the CSD matrix
defined in polarization space to the OAM space and carries
similar properties (quasi-Hermiticity, non-negative definite-
ness, etc.). However, it can have any size, say L X L, where
L is the largest by magnitude OAM index involved. Also,
for theoretical models, infinitely dimensional matrices are
possible with certain convergence constraints. The uni-vari-
able beam model is of this type.

Two derivatives of the COAM matrix are important
and will be considered here. First, the OAM degree of coher-
ence is the analog of the EM degree of coherence in the
OAM space [58]:

Tr| W
7‘1,7‘2, _ \/ I' r177‘27 ) (7’1,7"2,2)]' (10)

H Tr W(rﬁrﬁz)

j=12

It provides the cumulative information about the normal-
ized correlations at a pair of radii for all pairs of the
OAM modes, regardless of the OAM phase information
contained in each mode.

Second, it was found that a harmonic beam carrying
OAM in L modes traces an orbitalization ellipse in LD
OAM space (polar Fourier space) at a fixed radius [59], anal-
ogously to the two/three component electric field tracing a
polarization ellipse in real 2D /3D space. To extend this geo-
metric description to partially coherent beams, the COAM
matrix can be considered at a single radius 1 = 1, = r,
and regarded as the L x L orbitalization matrix [60]:

O(r,z) = W(r,r,2), (11)
the term steamming from its formal similarity to a polar-
ization matrix. In LD the orbitalization matrix is shown
to decompose into three parts: completely orbitalized,
unorbitalized, and partially orbitalized, in which mixing
occurs for mode couples, triples, ..., up to L — 1. The
completely orbitalized matrix is shown to factorize, repre-
senting a beam indistinguishable from harmonic, and,
hence, described by an orbitalization ellipse. The contri-
bution of the intensity of the completely orbitalized por-
tion of the beam in the total beam, at a fixed radius,
was introduced as the degree of orbitalization [60]:

ao(r,2) — oy(r, 2)

gan(n z)

O(r,z) = , (12)

where ao(r, 2) > ay(r, 2) > ... > op(r, 2) >... is the

ordered sequence of the eigenvalues of O, all being real
and nonnegative due to its Hermiticity and non-nega-
tive-definiteness. This quantity is analogous in nature to

the degree of polarization and reduces to it in form for
L = 2 and 3. In this work, we will thoroughly examine
its behavior for uni-variable beams.

We note that for a univariable CSD the COAM matrix
is diagonal and hence the calculations of both derivatives
are relatively simple. For example, the OAM DOC becomes

c(rira/12)™"
— . (13)
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As we show below, for uni-variable beams oy and o; may
depend on different ¢, at different radii and, hence, it
appears impossible to write down an explicit single formula
for the degree of orbitalization. Instead, a piecewise-contin-
uous function will be used, with its interval endpoints deter-
mined numerically.

3 Beams radiated by uni-variable CSDs

The propagation from sources with uni-variable CSD, both
in the near and in the far field, can be dealt with starting
from their expansion in terms of coherent modes. In such
a way, from equation (6) we have, at any plane z = const.,

o0

= Z)vn(I)”(rl,z)(D’;(rz,z), (14)

n=0

W(Th T2, Z)

where the expression of the propagated modes ®,(r, 2)
depends on the approximation we use.

Using the expression above, the spectral density and the
degree of coherence of the radiated field can be evaluated as
[55]

S(r,z) = W(r,r,2) Z/H(I) (r,2)|", (15)
and
W(ry, ry,
u(ry, e, 2) = (r1, 72, 2) , (16)
S(ry, 2) S(ry, 2)
respectively.

3.1 Coherent modes in paraxial regime

Within the paraxial approximation, the propagation of the
modes can be studied through the Fresnel integral, which,
for a typical field V(r, @, 2), in polar coordinates reads [55]

Zkelkz
V
(r, 9,2 2z / /
o izi[r’z+r272r’r605(f/’1’¢)} 'dr'de’
V0o 0) et r'dr'de’. (17)
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Fig. 1. Density plots of the spectral density of some modes, |®,(r, z)|?, across the plane (¢, z) for n =0, 1, 2, 3, 4, 5.

Using the equality

1 =
Jn(t) / ezm//—ztsml//dl//’
0

=9 (18)

after some manipulations the propagated modes take the
following form:

2N . o
(Dn('l", Z) = e n(n + l)elkZ(_,i)TH‘l % emtpemNsz

To
1
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0
where the Fresnel number has been introduced as
kr?
=—7 20
B omy (20)
together with the normalized transverse coordinate
r
p=—=1(&n). (21)
To

It is seen that the vortex structure of the phase is pre-
served during propagation and that, once the order n has
been set, the propagated field depends only on the Fresnel
number, as happens for the diffraction of a plane wave by
a circular hole (corresponding to n = 0) [61]. Therefore,
the Fresnel number will be taken as the natural variable

to represent the propagation distance. As examples, density
plots of the spectral density of some modes across the plane
(%, 2), that is, the squared modulus of the expression in
equation (19), are shown in Figure 1.

As a first remark, we note that the property for a CSD of
being uni-variable across a certain plane is not preserved dur-
ing propagation. In fact, when modes propagate, their ana-
lytical forms actually change, and, in general, the product
of the propagated modes, ®@,(ry, z) @ (72, 2), is no longer
proportional to 7715 explin(¢, — ¢,)], as it is required for
the series to be interpreted as a power expansion.

Second, as also appears from Figure 1, the on-axis irra-
diance is zero for all modes, except n = 0. Furthermore, the
modes spread during propagation at a rate that increases
with n, giving less and less significant contributions in the
central zone of the transverse planes. In particular, we
expect that, when superpositions of modes are considered,
only a finite number of modes need to be taken into account,
which depends on the extent of the region where the field
has to be evaluated. For example, modes with order 5 or
higher can be safely neglected if the field has to be evaluated
at Ny = 0.5 within a circular region of radius 2, (see Fig. 1).

3.2 Coherent modes in the far field

Unlike mode propagation in the Fresnel regime, far-field
conditions lead to simple analytical forms. When the Fraun-
hofer conditions are met, the expression of a typical field
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Fig. 2. Plots of the spectral density of the modes in the far field, equation (26) for n = 5 (a), 10 (b), 15 (c), with ry = 1.

(say, V) is obtained from the Fourier transform, suitably
scaled, of the field across the source [61]. For simplicity, the
coordinate across the Fourier plane (say v) will be taken as
the spatial coordinate across a transverse plane in the far
zone. Disregarding unessential proportionality factors and
curvature terms, we simply write

V() = / / V(r,0)e v dy, (22)

the integral extending over the whole z = 0 plane.
Using polar coordinates, the above integral reads

00 2m
va) = [ [ Vie0e g, (23

with v and 9 being the polar coordinates of v. For the case
of the modes in equation (7), the above integral gives

2(—i)"
To

0 r n+1
X / () Jn(2mvr)dr, (24)
0 To

J, being the Bessel function of the first kind and order n
[62]. Exploiting the following relation obeyed by the Bessel
functions [63]:

D, (v) = n(n+ l)em"’

S T ()] =" (), (25)

the expression of the modes propagated in the far zone
takes the simple form

@) = 20o(=)" V(e ZET) (o)

27Ty v

Note that for n = 0 the latter equation gives rise to the well-
known Fraunhofer diffraction pattern from a circular hole
[61]. Indeed, for n = 0 the vortex field coincides with that
of an ordinary plane wave. For n # 0, we can read equation
(26) as the diffraction pattern produced by a vortex field
that impinges on a circular aperture [48].

Plots of the spectral density of the propagated modes of
equation (26) are given in Figure 2 for n = 5, 10, 15. It
appears that, in general, the function is very small until
its argument reaches values roughly equal to n, and then
slowly goes to zero in an oscillating way.

In light of the above result, it is useful to express the
CSD of a beam radiated by a uni-variable source through
its Mercer expansion, which reads

Weo(vi,v2) = 4nrp Y du(n 4 1))

n=0
Jn+1(27'57"0v1) Jn+1(27”’0"2) (27)
217y vy 2nrgvy

In some cases, this expression even leads to closed forms
for the degree of coherence in the far field (u,,). This hap-
pens, for example, if 4, o< (n + 1) and we limit ourselves
to point along radial directions (i.e., ¥, = ¥5), in which case
it can be shown that [64]

J1(27'C7'()(V1 — Vg))
2nrg(vy — vo)

ﬂoo(vlvﬁav%ﬂ) =2 (28)

4 sZego and truncated sZego6 sources

The first example of a uni-variable CSD we are going to
show is that of the so-called sZegd source. The features of
such a source across the source plane and in the far zone
were studied and commented on in detail in a previous
paper [38]. Here, we limit ourselves to recalling some of
the main results obtained there. The effects of paraxial
propagation of the radiated field will be studied here on
the basis of the expression of the propagated modes
obtained in Section 3.1. However, we find it convenient to
perform such an analysis starting from a different uni-vari-
able CSD, namely, the truncated sZego CSD. Unlike sZegd
CSD, in fact, the latter requires a finite number of modes
and reduces to sZegd CSD when the number of modes goes
to infinity. In such a way, the propagation features of the
beams they radiate can be evaluated exactly through finite
sums. However, we want to stress that a CSD of this type is
interesting in itself because it is suitable to be synthesized in
the laboratory starting from the superposition of a finite
number of coherent fields [20, 28, 32, 37].

4.1 The sZego source

To obtain a sZegd CSD we let ¢, = I)(Vn) in equation (1),
with I, a positive constant having dimensions of irradiance,
so that
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Fig. 3. Degree of coherence for a sZeg source at the source plane relative to a point located at (a) p = (0, 0); (b) p2 = (0.3, 0); (c) p2
= (0.6, 0); and (d) po = (0.9, 0). Absolute value is represented on the vertical axis, and the phase is coded in a color scale.

I
9O ==z <), (29)
and the corresponding CSD turns out to be
1 . .
Ws(p1, p2,0) = T(MCHC(PJ circ(p,).  (30)

Spectral density and degree of coherence across the
source plane turn out to be, from equations (15) and (16),

Iy .
Ss(p,0) = : —0p2 cire(p), (31)

and

(1 —=pH)(1 = p3)
1— plpgei(¢1*‘02)

:uS(plvpzao) = CiI‘C(pl) CiI‘C(pz), (32)

respectively. It can be seen that the spectral density grows
to infinity as p approaches one. This somewhat anomalous
behavior has to be ascribed to the fact that an infinite
number of modes contribute to the CSD of the source.
It will be solved in the next subsection, where the series
that gives rise to sZegd source will be truncated. Plots
of pg (absolute value and phase) are shown in Figure 3
as a function of p; for fixed p5. The absolute value of ug
is seen to vary from 1 (when p; = p2) to 0 (along the circle
p1 = 1). Furthermore, when p» is in the center of the
source, the phase is constant and equals to 0, while the
range of variation of the phase increases with increasing
po. The presence of a coherence vortex can also be
observed, which has charge —1, centered at a point out-
side the source at a distance 1/p, from the center [38].

The OAM degree of coherence at z = 0 can be derived
using infinite geometric series. Together with the degree
of orbitalization they take forms:

(1—pH)(1 —p3).

05(,017/)2’0): 1_p2p2 ’
1~2

2

0s(p,0) = (1= p?)’. (33)

Note that Og(p, 0) has a particularly simple form since for
this source 4,(p, 0) > 4,, + 1(p, 0) for all n and p, which is
not generally true for other source classes. The color density
plot of the OAM degree of coherence for this beam is shown
in Figure 4a. As expected, this quantity takes the unity
value at p; = po = 0 but gradually decreases and reaches
zero for p; = 1 or p; = 1. We also note that it is not gener-
ally unity at the coinciding radii p; = ps # 0, unlike the
classic degree of coherence that would be at the coinciding
points.

An explicit expression of the CSD of the field radiated in
the far zone, Wy, can hardly be derived directly from the
CSD in z = 0, but from its modal expansion, with the modes
of equation (26) and the eigenvalues given by

2
nr
g = Tg—2%, =0,1,...), 34
o ) (34)
takes the form
- Jn+1(27f7”0\’1)
W oo (v1,v9) _
soo(V1, V) TLZ:O 27roVvy

35
27'5’/’0\)2 ’ ( )
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Fig. 4. (a) OAM degree of coherence og(p1, p2) and (b) degree of orbitalization Og(p) for a sZegd source.

which can be used to evaluate Sg ., and g, numerically.
The latter quantities, evaluated by adding the contribu-
tion of the first 100 modes, are shown in Figures 5 and
6, respectively.

For the case of the spectral density, it was found that
there are no significant differences, at least in the range
rov < 1, when calculating it using only the first 6 modes
or the first 100 modes, so that the contribution of modes
of order higher than 6 turns out to be negligible. Basically,
the same conclusions hold for the degree of coherence, but
in such a case, the first 10 modes have to be considered.
The degree of coherence shows cylindrical symmetry when
calculated in relation to the beam axis, with its absolute
value reaching a maximum at the center of the beam and
showing decreasing oscillations, while the phase alternates
between 0 and n. When evaluated in relation to a direction
outside the axis, the oscillations of the absolute value of the
DOC are distorted, and the phase varies gradually. In this
case also the presence of coherence vortices can be observed
(with charge +1 and —1), corresponding to the zeros of
Us.oo [38]. The absolute value is represented on the vertical
axis, and the phase is coded in a color scale. The first 100
modes were considered in the calculation.

The far-zone OAM degree of coherence of a field radi-
ated by a sZegd6 source takes form

2,/ T2 (2mrgvy)Jo (21 vs)

n+1

) \/1 iJg(27tr0v1)\/1 — Jp(2mrovy) -

05(v1, v

after using a summation formula for J2 | (2nryv)), j = 1, 2
in the denominator. Figure 7a shows this quantity as a
function of vy, vo with 79 = 1, where we restrict ourselves
to a region close to the axis. This distribution is struc-
turally different from that in Figure 4a, since the coher-
ence no longer decreases monotonically with the
increasing radii but oscillates between wider and narrower
distributions. It should also be noted that for vi = vy = v
the OAM coherence remains fairly high within the plotted
region around the axis.
The degree of orbitalization becomes

J2(2mrgv) — J2(2mrv)
1 — Ji(2mrgv)

Os(v) =2 (37)

—N=2
0.8} — N =5 i
/s — N = 100
g §_().(s F .
a8
2|5 0.4
o
n
0.2+ i
0 | I
0 2 4 6 8 10

27[""(]1/

Fig. 5. Spectral density for a sZegd source in the far field (with
19 = 1), calculated by adding the first 2, 5, and 100 modes,
repectively.

where p and g are the indices of the largest and the second
largest eigenvalues o, for a given radius v. We note that
unlike in the source plane, where the zeroth and the first
eigenvalues are the largest and second largest for all radii,
in the far field such eigenvalues must be determined
numerically. Figure 7b shows the degree of orbitalization
as a function of v, with 7y = 1, for v < 1. Unlike in the
source plane, where this degree monotonically decreases
from unity to zero, see Figure 4b, it shows a piecewise-con-
tinuous profile without smoothness at junctions. This is
due to the fact that many OAM modes are competing
for being the maximum and the second maximum. For
example, close to the axis, modes n = 0 and n = 1 consti-
tute this pair, but at v ~ 0.419, modes n = 1 and n = 2
become such. Hence, most of the oscillations are due to
switching to higher indexes, with one exception: in the
region 0.817 < v < 0.894, the n = 0 mode has a crest
becoming the second largest eigenvalue again.

4.2 Truncated sZeg6 sources

In this case, we let ¢,, = Iif 0 < n< Nand ¢,=0if n> N,
so that equation (1) gives

1-¢"
1-¢

(I <1),  (38)

N—1
gT(C) = IOZC" =1
n=0

and the corresponding CDS turns out to be
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Fig. 6. Degree of coherence for a sZegb source across a plane in the far zone relative to a point located at (a) v = (0, 0); (b) vo =
(0.16, 0); (¢) vo = (0.32, 0); and (d) v = (0.48, 0). Absolute value is represented on the vertical axis, and the phase is coded in a color

scale. The first 100 modes were considered in the calculation.
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Fig. 7. (a) OAM degree of coherence og(vy, v2); (b) degree of orbitalization Og(v) for a far field radiated by sZego source.

_ (p1p2)NeiN(¢1*<ﬂ2> .
T (39)

1
Wr(py,p2,0) = I 1 — p,pyeiler=o)

(0 < py,pp <1).

Spectral density and degree of coherence across the
source plane turn out to be, from equations (15) and (16),

1 p2N
cire(p),
1—p?

Sr(p,0) = Iy=—

(40)

and

(1=p1)(1 = p3)
tr(prs P2, 0) =
i (L= pi")(1 = p3")
1= (p,py)" eNler=e)
% 1—p.p, eilo1—2)

cire(p,) cire(p,),
(41)

7(p,0)/Sr(p = 1,0)

0 0.2 0.4 0.6 0.8 1

r

Fig. 8. Spectral density at the source (normalized to the
maximum) for a truncated sZegd CSD with N=1, 2, 3, 5, 10, 20.
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(b)

1
0.5
0 0
1
- Il 15
1 1 1

-1.5

0

- &1

Fig. 9. Degree of coherence at the source plane, for a truncated sZeg6 CSD with N = 2, 4, 20 (from top to bottom), relative to a point
located at (a) p2 = (0, 0); (b) p2 = (0.3, 0); (c) p2 = (0.6, 0); and (d) p2 = (0.9, 0). Absolute value is represented on the vertical axis,

and the phase is coded in a color scale.

respectively. The plots of St and 7 are shown in Figures
8 and 9, respectively. It can be seen that, as the number of
modes increases, the spectral density becomes more and
more similar to that of the sZegd source but never
diverges, as expected. On the other hand, the DOC is
highly dependent on the number of modes considered.

Two aspects deserve to be noticed. First, the coherence
area decreases as N increases, as expected. The second
aspect concerns the phase structure of s It can be high-
lighted in a simpler way if we focus our attention on the sec-
ond fraction in equation (41), provided the other terms are
positive. Using again the variable { = p;ps exp[i(¢p1 — @o)],
this term can be written as

N
l—N nl:[(C_Cn)
e (42)

where (,, (n = 1, ..., N) are the solutions of the equation
N = 1, namely, {, = exp(i2rnn/N). Therefore, since
{ny =1, we have

N

H(C C) Nl
- (43)

n:l

which for fixed values of ps and @5 can be written as

(=) =py e

N-1
X {ple

n=1

(/J2+27m/N) (44)

representing the product of N — 1 vortices, each having
charge +1, centered on N — 1 vertices of a regular ennea-
gon, at a distance 1/p, from the center.

To better understand this point, let us take ¢y = 0.
Then, the nth term of the product takes the form

) 1 . 1 2nn
p el _ _eLZnn/N _ |:€ — — cos < >:|
' P2 ' P2 N

- La(Z)

which actually represents a vortex with charge +1 and
center at

1 2nn\ 1 2nn

(n) :

P = cos ,— sin . 46
! (92 (“)/’2 (“)) (46)

The phase structure of the DOC is shown in Figure 10 for
p2 = (0.9, 0) and several values of N.

The OAM degree of coherence for this source at z =0
can be derived using finite geometric series. This quantity
and the degree of orbitalization take form
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Fig. 10. Phase of the degree of coherence at the source plane, for a truncated sZegd CSD relative to the point p, = (0.9, 0) for several

values of N.
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Fig. 11. OAM degree of coherence o7(py, p2) for truncated sZego sources with (a) N = 4; (b) N=8; (¢) N = 16.

(1—p))(A — p3)

0) =
OT(plaPQ’ ) 1 _p%p%
" 1—pt"pd¥
(1= pi")(A = p3")
(1-p%°
O1(p,0) = T (47)

The plots of the OAM degree of coherence for this source
are shown in Figures 1la—1lc, for several values of N.
Unlike for the sZegd sources the distributions do not
decrease to zero for p; = 1 or ps = 1 but rather take on
values in the interval (0, 1) decreasing with increasing N.
The plots of the degree of orbitalization are shown in
Figure 12 for several values of N. The case N = oo is also
shown corresponding to the un-truncated sZegd source.
While all the curves have monotonic behavior taking on
unit value at p = 0 and decreasing to zero at p = 1 only
the curve for N = 1 is convex on the whole interval, all
the others change convexity once.

p

Fig. 12. Degree of orbitalization O(p) for truncated sZego
sources with different values of N. The case N = oo corresponds
to the non-truncated sZeg6 source.

To evaluate the propagated CSD in the near and in the
far field equations (14) and (19), or (26) are used. Equations
(38) and (8) give, for the eigenvalues,
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Fig. 14. Spectral density versus the inverse of the Fresnel number

L2 (0<n< N);
= (48)
0 (n>N).

Figure 13 shows examples of the spectral density, across
the (z, z) plane, of the field propagated from sZegd sources
of various orders. It can be observed that the main contri-
bution for large propagation distances is due to the 0Oth
order mode (compare Fig. 13 with Fig. 1 for n = 0).

As commented above, the addition of more and more
modes modifies the distribution of the spectral density only
for small propagation distances. This is confirmed by the
plots in Figure 14 where the spectral density profiles are cal-
culated at several propagation distances for sZegd trun-
cated sources with different numbers of modes. For a
Fresnel number Ny = 4, the five profiles are different,
although those corresponding to N = 30 and N = 100 are

4 .
—N=

= IV =
[l N=12
9 —N=30
= —N =100
QL
et

0 i

0 0.5 1 1.5 2

0 0.5 1 1.5 2
P

for different truncated sZego sources.

practically the same up to a normalized distance p = 1.
For Ny =1 the profiles practically coincide for all truncated
sZeg6 sources with N > 12. This profile should be the same
as the one for sZegd source.

The same approach can be used to evaluate the degree
of coherence across different planes (Fig. 15). The analo-
gous calculations across the source plane and in the far
field [38] showed the presence of coherence vortices
(in both cases).

The far-zone OAM degree of coherence radiated by a
truncated sZeg6 source takes the form

N-1
> T2 (2mrgn) St (21rgv,)
n=0

OT(Vl, Vz) = o . (49)
I 4/ 2 Jh(@arovy)
=12 \| n=0



12

J. Eur. Opt. Society-Rapid Publ. 22, 19 (2026)
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Fig. 15. Degree of coherence relative to a point located at ps = (0, 0.5) for a truncated sZegd source with N = 4 at several
propagation distances (a) Ny = 3; (b) Np=2; (¢) Np= 1; (d) Ng= 0.5. The absolute value is represented on the vertical axis, and the

phase is coded in a color scale.
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151
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Fig. 16. OAM degree of coherence o7(vy, vo) for truncated sZegé far fields with (a) N =

Figure 16 shows this quantity for several values of the
summation index: (a) N =2, (b) N =3, and (¢c) N = 4.
As N increases, the distributions start resembling that for
the non-truncated model, if compared to Figure 7a. This
practically occurs already for N = 4, as higher-order modes
deliver much smaller contributions to the sums.

For truncated sZego far fields the degree of orbitaliza-
tion becomes

J;(anov) - J3(2nrov)

N1
Z—:o T 1 (2mrgv)

OT(V) = ’ (50)

where, as above, p and ¢ are the indices of the largest and
the second largest eigenvalues. Analogously to the non-
truncated model, the determination of the largest and

(c)

the second largest eigenvalues for different radii was car-
ried out numerically.

Figure 17 shows formation of the degree of orbitaliza-
tion for (a) N= 2 and (b) N = 3. For N = 2 the degree exhi-
bits strictly oscillatory nature with smooth maxima and
non-smooth minima, all at zeroes. This is due to the fact
that only two modes compete with each other for being
maximum and second maximum and can only alternate.
This behavior is similar to that of the degree of polarization,
also involving competition of two electric field components.
Starting from N = 3 both maxima and minima are not
smooth, since the switches are determined by three pairs
of modes. Figure 17c summarizes the behavior for cases
N =2, N=3and N - oo (non-truncated model), same
as in Figure 7b. In parts where the curves are almost the
same, the same modes act as the largest and second largest
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eigenvalues resulting in the same numerator in equation
(17), while the denominator has an increasing value with
increasing N. This always occurs at small v as the 0th mode
always dominates close to the axis.

5 Further examples of uni-variable sources

Different uni-variable CSDs can be defined by choosing dif-
ferent sets of ¢, coefficients, and in many cases they are
given in closed form, as happened for the case in the previ-
ous section. Actually, using handbooks of mathematical for-
mulas, dozens of other CSDs can be defined from formulas
involving power series. Some of them lead to closed forms
even when the series is truncated. This is particularly useful
because, as we saw for sZeg6 and truncated sZegd sources,
in such a case the effects of truncation can be evaluated
quite simply. Furthermore, in any practical realization of
partially coherent sources based on the superimposition of
perfectly coherent and mutually uncorrelated fields, the
number of modes must be necessarily truncated.

Among others, we quote the following (formula 5.2.2.4
of [64]):

Lt
1-0%

together with its truncated version (formula 4.1.7.2 of
[64])

(51)

{4+ (N{—=N-1)¢"
(1-0)?

(52)

)

with integer N.

Another interesting example of a source obtained with a
finite number of modes is that of the binomial source, for
which (formula 4.2.3.1 of [64])

W0 =13 (D)o =na+y"

n=0
As a last example, we quote the following, which will be
discussed in a little more detail. If we take (formula 5.2.7.2
of [64])

(53)

(54)

with y® a positive dimensionless parameter, the corre-
sponding uni-variable CSD turns out to be

Welpy,ps) = Ioexp {y*pipy exp [i(@, — ¢,)]}

cire(p,)cire(p, ), (55)

and the corresponding spectral density has the form

Se(p) = Iye™" cire(p). (56)

The interest in such sources comes from what follows. If we
express W through the vectors p; and po, since p; = (&, ;)
and pexp(ip;) = &+ i, (j= 1, 2), equation (55) can also
be written as

WG(p17 p2) — [0 63’2(5152+711’l2) e*il’z(il’h*ézﬂl)Circ(pl)circ(p2)

= 1067291‘/]2 e*i”/'2(p1><ﬂ2>z Circ(pl)circ(pz)

(57)
or, after some manipulations,
Wa(pi, ps)
_ ]0e;’Q(pfﬂ)g)/?6—72\;11—02\2/26—1'72(#1sz)zcirc(p])circ(%)’ (58)

which apparently has the form of a twisted Gaussian
Schell-model source with saturated twist [40], the only dif-
ference being the sign in the argument of the Gaussian
amplitude term. In particular, the degree of coherence
turns out to be

Balpy, p) = €7 Innl 2= 0 cire (p, cire(p,),  (59)
whose modulus is

— 29, —p, |2 . .
1(pr. po)| = 7P Peire(p, )eire(p,).  (60)

The eigenvalues of the Mercer expansion of W turn out
to be

2
o 2n T 7ﬁO
Jn = Iy CE (61)
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from which the propagation features of the radiated
beams could be evaluated.

In this case, too, the truncated version of the series can
be expressed in closed form because (formula 4.1.7.10 of
64])

al 2" 2 2
020 = 1,3 U= TS e ()

N! ’

n=0

where T'(-,) is the incomplete Gamma function [63].

6 Conclusions

Uni-variable CSDs can be derived from any function of a
single complex argument whose Taylor series involves only
non-negative coefficients. The convergence range of the ser-
ies determines the spatial extent of the source. The Taylor
series can be directly related to the Mercer expansion of the
CSD of the source in such a way that the coherent modes
turn out to be optical vortices, restricted to a circle at the
source plane, and the corresponding eigenvalues are propor-
tional to the Taylor coefficients.

Although the coherence features of light across the
source plane can be directly derived from the analytical
form of the CSD, the analogous properties for the radiated
beam can hardly be evaluated in closed form. Nevertheless,
from the knowledge of modes and eigenvalues of the CSD
across the source, the coherence features of the radiated
beam can be evaluated both in the Fresnel regime and in
the Fraunhofer regime.

In this paper, the tools for studying the properties of the
propagated field have been provided and applied to a test
case, that is, the sZeg6 source. Furthermore, the effects,
on the coherence properties of the source and the radiated
field, of truncating the Taylor series have also been investi-
gated. This is crucial from an experimental point of view,
because limiting the Taylor series (i.e., the coherent-mode
expansion of the CSD) to a finite number of terms becomes
necessary whenever sources of this kind have to be synthe-
sized through the superposition of mutually uncorrelated
perfectly coherent fields.

Since the coherent modes of uni-variable CSDs possess
vortex-like structures at various OAM indices, the overall
fields can be regarded as carrying OAM in multiple states.
Hence, besides the spectral density and the degree of coher-
ence, which carry information about correlations in the
physical space, some recently introduced measures, namely,
the OAM degree of coherence and the degree of orbitaliza-
tion, have also been invoked to characterize the radial cor-
relations of the investigated sources in the OAM space, i.e.,
the polar Fourier space. Although the technique presented
here has been applied to the sZeg6 CSD and to its truncated
version (the truncated sZegd CSD), it can be applied to any
source of the uni-variable type. The number of uni-variable
CSD that can be envisaged starting from the Taylor expan-
sion of a single-argument function is actually huge, and this
work lays the foundation for the design and tayloring of
sources with required coherence characteristics, both on
the source plane and in propagation.
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