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Abstract. In this work, we explore the use of Generated Jacobian Equations (GJEs) for the inverse design of
freeform micro-optical surfaces. We demonstrate the integration of this design technique into an applied pipe-
line targeting 3D printed freeform micro-optics fabricated via two-photon polymerization (2PP). This work
establishes a bridge between alternative design tools and cutting-edge micro-fabrication technologies, opening
new opportunities in the field of engineered micro-optics. We demonstrate this via two representative examples,
a round top-hat and a fringe pattern projection freeform lens.
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1 Introduction

Freeform micro-optical components are central to the next
generation of compact optical systems, enabling precise con-
trol over light propagation in ways that conventional optics
cannot achieve. To this end, GJEs based inverse designs
represent an interesting alternative to the realization of
such freeform based micro-optical systems. However, such
a design strategy has not been explored in combination with
2PP based micro-fabrication technologies. By combining
the best from both fields, we highlight the potential for cre-
ating novel micro-optical elements tailored for specific opti-
cal transformations. In the following sections, we provide
details behind the employed numerical implementation,
the followed micro-fabrication process and the methodology
used to extract relevant information on the smoothness
associated to the computed freeform surface solutions.

2 Numerical implementation

Our implementation relies on the work presented in [1] for
which an iterative algorithm is used to obtain freefrom opti-
cal surfaces via the use of a GJE. Such a design algorithm
exploits the relationship between a generating function G
and its unique inverse H, also referred to as a Hamilton’s
characteristic function. As in [1] we rely on an angular char-
acteristic formulation to our problem, for which the source
(x) and target (m) coordinates are both expressed in terms

of stereographic values. For a system consisting of a point
source with N interfaces prior to the sought freeform sur-
face, the associated Hamilton’s characteristic function can
be expressed as

Hðx;m; uff Þ ¼ u1ðxÞ 2jx �mj2
ð1þ jxj2Þð1þ jmj2Þ

þ
XN�1

i¼2

uiðxÞ ni � 1þ 2jyi�1ðxÞ �mj2
ð1þ jyi�1ðxÞj2Þð1þ jmj2Þ

 !" #

þ uff nN � 1þ 2jyN ðxÞ �mj2
ð1þ jyN ðxÞj2Þð1þ jmj2Þ

 !
ð1Þ

with u1, ui being the Euclidean distance functions
between the N interfaces located before the freeform surface
uff , fyi�1ðxÞgN�1

i¼2 represent the set of stereographic
coordinates associated to the outgoing ray-directions (I )
at interfaces i = 2,. . ., N�1 while yN (x) corresponds to
the stereographic coordinates acting as local source ones
to the last term in equation (1). Finally, uff represents the
Euclidean distance between the Nth interface and the free-
form surface. To implement the algorithm, we make use of
an open source finite element method (FEM) solver [2]
which represents two main advantages. First, it allows
the use of an unstructured grid to solve the required numer-
ical problems enabling higher flexibility in terms of the
source domain shape. Second, it allows the use of local basis
functions to describe the solutions in terms of polynomials
within each element. Complementary to this, we employ a
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hybrid numerical scheme to obtain all gradient information
required as part of the iterative routine. In this case, for all
quantities in equation (1) excepting m and uff, we rely on
automatic differentiation tools via an open source implemen-
tation of a differentiable ray-tracing framework [3]. On the
other hand, form and uffwemake use of the polynomial pre-
serving recovery(PPR) technique [4] which allows obtaining
least squares approximations to the gradients at the
domain’s degrees of freedom. Importantly, by making use
of this approach, we obtain a sparse matrix operator which
can be directly applied on each iteration. Once a set of solu-
tion functions m and uff are obtained, these are used to
reconstruct a three-dimensional freeform surface using

S ¼ u1ðxÞI 0ðxÞ þ
XN�1

i¼2

uiðxÞI i�1ðxÞ½ � þ uff I N ðxÞ: ð2Þ

Finally, as a means of comparison and to extract informa-
tion on the smoothness associated with the obtained solu-
tions, we have also chosen to use Forbes Q freeform
polynomials [5–6], with these being commonly used to
express freeform surfaces in terms of global orthonormal
basis functions.

3 Fabrication details

The chosen freeform lens was fabricated by means of a com-
mercially available 2PP system (Photonic Professional GT2
by Nanoscribe GmbH, Karlsruhe, Germany) in combina-
tion with a high numerical aperture objective (Plan-Apoc-
hromat 25�/1.40 Oil DIC, Zeiss). This objective was
chosen given the obtained freeform lens dimensions, which
has an elliptical shape with a major axis half-diameter equal
to 400 lm. At the same time, a slicing and hatching dis-
tance of 100 nm were chosen, in order to have close fidelity
to the original surface design and minimize discretization
artifacts. The lens was fabricated directly on top of an
AlGaInP visible laser diode (LD) with a central emission
wavelength at 650 nm. These LDs consist of an emission
surface protected by a window glass with a thickness of
400 lm. In order to align the freeform lens center to the
emission point, an additional alignment step was per-
formed. For this, a 10�/0.35 NA objective was used to find
the lateral location of the LD’s emission center point, which
is found 700 lm below the LD’s upper window interface.
Consequently, two reference markers were fabricated, these
being used in the subsequent freeform lens fabrication step
to align the structure. In Figure 1, a schematic representa-
tion of the geometrical characteristics of an LD is provided,
in addition to representative rays traced from the emission
point location towards the freeform optical surface direction
and indications of all involved terms directly contributing
to equation (1).

4 Results

In this section we present two freeform surface design
examples obtained following the methodology introduced

in Section 2. For this, two different characteristic target
functions have been chosen. The first one consists of an uni-
form target irradiance distribution defined over a circular
aperture, with a diameter of 5 cm, at a target distance of
4.5 cm from the origin. The second scenario consists of a
modulated cosine-squared function, given by cosð2pxtb Þ2,
where xt denotes the x cartesian coordinates at the target
plane and b the desired fringe periodicity. Both distribution
are defined over the same spatial extent. As in [1], we make
use of a standard transformation to obtain intensity func-
tions from both irradiance distributions. For the source,
we use the model

I ðhx ; hyÞ ¼ I 0exp�2ððhx=ax Þ2þðhy=ayÞ2Þ ð3Þ
with hx and hy being perpendicular emission angles
associated with a Gaussian-like far-field intensity profile,
while ax and ay represent half angles of divergence along
both x and y axes. These were computed from the full-width
at half-maximum angles provided in the manufacturer’s
datasheet (28� and 9�, respectively) using the relationship
a ¼ hfwhmffiffiffiffiffiffiffi

2 ln 2
p . Following, in Figure 2 we compare the Euclidean

distance function solutions uff obtained for both target func-
tions. Additionally, we contrast the extracted convergence
curves in both cases, using the same definition for JI as
given in [1].

From a visual comparison between the functions shown
in (a) and (b), a clear similarity can be observed. Interest-
ingly, the overall global function shapes and values extend
over the same range. To better contrast both uff functions,
on (c) we display the pointwise function difference Duff
which reveals the local distinctions between both functions,
with Duff not exceeding values beyond 1 lm. Consequently,

Figure 1. Schematic representation for the laser diode system
considered in this case. The emission region is modeled as a point
emitter, positioned at the origin. 300 lm above this point, a
window glass with a thickness of 400 lm is found. All of the
interfaces u(x) and the associated intermediate ray-directions
I(x) are directly included in the Hamilton’s characteristic
function H shown in equation (1).
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we performed non-sequential ray-tracing analysis with the
reconstructed three-dimensional freeform lens models via
equation (2). These results are presented in Figure 3 with,
the original target distributions, the obtainedmapping func-
tions m and the irradiance information extracted from the
non-sequential analysis, being shown. As described in
Section 2, our numerical implementation is based on
standard local polynomial basis functions. This results in
C0-only continuous solutions, with potential detrimental
effects induced in the reconstructed three dimensional
surfaces. To further evaluate this, wemake use of an alterna-
tive surface representation based on Forbes Q freeform
polynomials as briefly introduced in Section 2. We employ
least-squares approximations defined directly on the original
surface domains, by projecting the solutions into basis func-
tions characterized by indices n and m, with all terms satis-
fying 2m+ n� T being included in the expansion. From the
obtained projections, we calculate residue functionmapsDSz
by subtracting the polynomial fits from the FEM solutions.
These residue maps, which are shown in Figures 4a and 4b
were obtained with a T value of 54, resulting in a total of
1592 basis terms. From the chosen T, we estimate the
minimum radial feature period being captured by the poly-
nomial fit, by considering the shortest axis radius, yielding
an approximate value of �r � 200lm

T=2 ¼ 7:40lm. At this
minimum radial period, a clear distinction in terms of the
residue surface height can be observed.

For the uniform target case, a peak residue of 67 nm was
obtained, with the large majority of the surface height
structure being captured by the smooth polynomial fit.
Differently, for the modulated-cosine target, the obtained

fit residue contains relevant spatial features with height
contributions in the order of 160 nm. In other words, the
unresolved surface structure consist of spatial features
bounded by an extension of approximately Dr with height
amplitude contributions not larger than a value of k/4.

Additionally, power spectral density (PSD) analysis was
performed from the extracted DSz residue maps. These
results are presented in Figure 4c as a comparison between
cross-sectional views of the obtained PSDs. Both curves
reveal that spatial features located at frequencies larger
than 1 lm�1 are highly suppressed. Complementary to this,
in Figure 4d we compare root-mean-square (RMS) esti-
mates for DSz as functions of the expansion index T. In this
case, clear RMS reduction trends can be observed, with
values of 3.38 and 7.75 nm achieved at T = 106, for the
uniform and cosine-squared targets, respectively. Finally,
the freeform lens corresponding to the cosine-squared target
pattern was fabricated following the methodology described
in Section 3. The obtained freeform lens was characterized
using a white-light interferometer(WLI, Zygo, Nexview
NX2, 10X, Dxy: 750 nm) for which the recorded intensity
map is presented in Figure 5a.

As performed for the design surface case, we make use of
Forbes Q freeform polynomials (T= 54) to fit the measured
surface height profile. In (b), a portion of the obtained
height fit residue map DSz with contributions bounded by
a value of k is presented. From the full extracted DSz, a
total residue RMS of 110 nm, in addition to a peak-to-valley
value of 4.67 lm were estimated, which compare to values
of 37 and 263 nm for the designed surface case at the same
T value, respectively. These parameter differences can be

Figure 2. (a) and (b) provide the obtained uff function values after the iterative evaluations as described in Section 2. (c) Pointwise
function difference Duff between maps shown in (a) and (b) which encodes the local difference between both surface solutions. (d)
provides convergence curves using the quantity JI, according to the definition provided in [1].
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Figure 3. (a), (b) and (c) show the target irradiance, obtained mapping functions m and extracted non-sequential irradiance
distribution, respectively, associated with the freeform surface generated for the cosine-squared case (uff shown in Fig. 2a). Similarly,
in (d), (e) and (f) the results associated with the uniform target case are presented.

Figure 4. (a) and (b) present fit residue maps DSz obtained after using least squares projections based on Forbes Q freeform
polynomials to represent both FEM solutions. (c) presents power spectral density (PSD) cross-sections extracted from both residue
maps shown in (a) and (b). (d) provides a comparison between DSz RMS curves as a function of the expansion index T.
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attributed to the utilized fabrication parameters and devel-
opment process, with material shrinkage representing a sig-
nificant portion of these contribution. Following, we
measured the irradiance distribution generated by the man-
ufactured freeform lens. This was recorded with a CMOS
camera in close proximity to the LD sample, for which
the obtained irradiance map is presented in Figure 5c. From
the recorded map, a distorted fringe pattern in comparison
to the target one can be recognized, with higher intensity
values obtained towards the domain’s boundary. Such a
distortion is caused by the employed ax and ay values which
were directly taken from the manufacturer datasheet and
were not extracted from intensity measurements as part
of the followed process. Nevertheless, despite all mentioned
factors, the pattern presented in (c) still preserves most of
the fringe-like structure from the intended target distribu-
tion. From the Euclidean distance function difference Duff
shown in Figure 2c with an RMS value of 345 nm and
the results presented above in Figure 5, it can be concluded
that the generated freeform surface design is well resolved
by the employed 2PP fabrication process. Based on these
results, we believe that the presented design and fabrication
pipeline represents potential advantages for the realization
of compact micro-optical freeform lens systems, benefiting
from the flexibility offered by both, the employed GJE
based design technique and the two photon polymerization
based fabrication process.

5 Conclusions

In this work we have demonstrated the feasibility of com-
bining novel inverse design algorithms with the micro fabri-
cation capabilities offered by two photon polymerization.
The presented integrated engineering pipeline benefits from
the developments in both fields and serves as an important

bridge between advanced design techniques and cutting
edge micro fabrication technologies, enabling in this form,
the further development of complex freeform surface based
micro-optical systems.
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