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Abstract. A complete description of a three-dimensional (3D) polarization state is provided by the two most
significant eigenstates of the polarization matrix, together with the two indices of polarimetric purity. By means
of the so-called smart decomposition, such information can be arranged to represent the state as a combination
of two components, one partially polarized (active component) and one unpolarized. Contrary to what happens
for two-dimensional (2D) polarization states (with the electric field fluctuating within a fixed plane), whose
active component is constituted by a single totally polarized state, in the general case of 3D polarization states
the active component is given by a weighted incoherent composition of the two above-mentioned eigenstates.
We show that a detailed description of the intensity and spin anisotropies is encompassed by the active com-
ponent of the state, which admits a simple interpretation and geometric representation. In addition, it is found
that the degree of nonregularity can be viewed as a distance of the state to a regular state.
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1 Introduction

The polarization properties of an electromagnetic wave at
a given point in space are represented by the associated
3 x 3 polarization matrix (also called coherency matrix).
Leaving aside the particular well-known case of partially
polarized states whose electric field fluctuates in a fixed
plane (hereafter called two-dimensional (2D) polarization
states), recent advances in the study and control of light
related to near-field phenomena, tightly focused beams,
and nanotechnology in general, have stimulated much
interest in true three-dimensional (3D) polarization states
[1-13]. Paralleling this progress, interpretations of the
polarization matrix from algebraic, statistical, and geomet-
rical points of view have been dealt with in a number of
contributions from both theoretical and applied perspec-
tives [14-28]. While the polarization matrix describes local
polarization effects, the 3D polarization features of spatially
distributed (random and deterministic) fields have also
been actively studied [29-37].

In this work, the frame for the physical interpretation of
genuine 3D polarization states is set by the so-called smart
decomposition, which expresses the 3 x 3 polarization
matrix as an incoherent composition of two totally polar-
ized states (called pure states) and a totally unpolarized

* Corresponding author: ppgil@unizar.es

3D state [21, 38]. This approach provides a new view on
certain properties, like the degree of nonregularity [39],
obtained previously through other procedures. In general,
the analysis relies on the fact that the unpolarized compo-
nent does not carry any information on the shape of the
polarization object, composed of the intensity ellipsoid
and the spin vector of the state [17, 27, 40]. The component
which is not unpolarized, hereafter called the active compo-
nent, depends on the specific configuration of the pair of
eigenstates associated with the largest eigenvalues of the
polarization matrix, and it determines the intensity and
spin anisotropies of the polarization state. This means that,
up to a scale factor fixed by the relative weight of the unpo-
larized component, all polarization descriptors, including
the nine 3D Stokes parameters, the spin vector, the degree
of nonregularity, etc., are provided by the active
component.

The structure and main points of the work are as
follows. Section 2 is devoted to introducing the theoretical
framework necessary to describe the original results pre-
sented in Sections 3-5, which include the definition of the
active component of a polarization state as a representative
of the intensity and spin anisotropies in a simple and
condensed manner. The smart decomposition (without
using this name) was introduced for the first time in [21]
and then also described in [38]; nevertheless, some aspects
like the indices of polarimetric purity (IPP) of the active
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component and their relations to those of the whole state
are introduced here for the first time, allowing a deeper
insight into the sources of the polarization properties of
the state. The presented approach also allows us to inter-
pret any given 3D polarization state in terms of its two
more significant eigenstates (those with larger associated
eigenvalues). In addition, the concept of nonregularity is
revisited and interpreted as a distance of the state to a
regular state as well as in terms of the spin of the discrim-
inating component.

2 3D and 2D polarization states

In the most general 3D representation, the second-order
polarization properties of random (stationary) light at a
given point in space are fully characterized by the corre-
sponding 3 x 3 polarization matrix
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where & e,(t), &,(t), €.(t) are the analytic signals [41] of the
electric field components [14, 42] with respect to the given
Cartesian reference frame XYZ [21]. In addition, the
asterisk indicates complex conjugation and (...) repre-
sents time averaging. The polarization matrix can be
expressed as R = I R in terms of the intensity I = trR
(tr representing the trace) and the so-called polarization
density matrix R.

The matrix R is fully characterized mathematically by
its Hermiticity and positive semidefiniteness together with
the normalization condition trR = 1. It can be expressed as

R = Udiag (ﬁvl, A, ig)UT, 2)

where diag indicates a diagonal matrix, 21 > ;12 > 23 with

J A+ Ao —1-;13 =1 are the eigenvalues of R, and U is a
unitary matrix whose columns (11, iz, 3) are the three-
component Jones vectors of the corresponding orthonormal
eigenstates [43]. The eigenvalues specify the structure of
polarimetric purity-randomness, which is characterized
through the pair of indices of polarimetric purity (IPP)
[16, 19, 44]

Plzjnl_jLQ, PQZjL1+}LQ_2j,3. (3)

The IPP are independent of intensity and satisfy the nested
inequalities 0 < P; < P, < 1. The eigenvalues of R are
given by 4, = I; (1 =1, 2, 3).

In the particular case of 2D states, the reference axis Z
can be taken orthogonal to the well-defined polarization
plane XY, so that the polarization matrix can straightfor-
wardly be reduced to its conventional 2 x 2 form

89 — 7:53
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where s, $1, So, 83 are the traditional Stokes parameters of
a 2D field. Above, despite that common experiments or
arrangements on 2D polarization states do not necessitate
to consider explicitly the third axis Z, its existence is
nevertheless implicitly assumed. In fact, the representa-
tion of a 2D state can be referenced with respect to arbi-
trary 3D reference frames, in which case mnonzero
components associated with the Z axis appear [45]. The
transformation of the original reference axes XYZ to the
new Cartesian ones X' Y 7 is performed through a rota-
tion represented by the corresponding orthogonal matrix
Q. The polarization matrix Rbp expressing the state
R, p in the new reference frame is then given by

1 So =+ s1 So — iS;g 0
= Q 2| = +is3 so—s 0 ](QF, (5)
0 0 0

where the superscript T indicates transpose. Explicit
expressions for the above 3D representation of the
polarization matrix of a 2D state can be found in [45].
States that cannot be represented as in equation (5) are
called genuine 3D states because they necessarily require
a 3D representation, i.e., the intensities of the three com-
ponents of the fluctuating electric field are nonzero
regardless of the reference frame taken to represent the
corresponding polarization matrix.

Let us now recall that the term regular has been
coined to refer to those 3D states that can be represented
as an incoherent composition of a 2D polarization state
(pure or not) and a 3D unpolarized state [39] (see Fig. 1).
It has been shown that such a property is not general
but particular; 3D polarization states are generally nonreg-
ular [39]. Thus, regular states are those that can be
expressed as

So + 81 S — i53 0
R=Q|}| sa+iss so—s1 0 Q" + R, 6)
0 0 0

[R1L73D = I7LI3/3L

where I3 is the 3 x 3 identity matrix and R,_3p is the
polarization matrix of a 3D unpolarized state with inten-
sity I, which is invariant under arbitrary rotations of the
Cartesian reference frame, ie., QR, 3pQ" = R, _3p.
Accordingly, through an appropriate choice of the refer-
ence frame, regular states can be represented as

1 Sy + $1 So — ng 0
R = 5 So+1is3 so—s1 0| +R, 3p. (7)
0 0 0

On the other hand, 3D states that cannot be represented as
in equation (7) are nonregular.

A simplified and meaningful view of the polarization
matrix of a generic polarization state in the 3D space
(regardless of whether it is pure, 2D, regular, or nonregular)
is given by its intrinsic representation [21]
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Figure 1. 3D polarization states R that can be decomposed
into a 2D state Ryp and a fully unpolarized 3D state R,,_3p are
called regular, and nonregular otherwise.

a —ifps/2  iho/2
Ro=Q,RQ, =1I| ingps/2 s —ifor /2
—iflge )2 iho/2 as

(8)

with the intensity-normalized eigenvalues of the real part
Re(R) satisfying a; > Gy > a3 >0 and a1 + Gy + a3 = 1.
The orthogonal rotation matrix Qe diagonalizes Re(R)
[17, 21], viz.,

QE Re(R) Qo = Idiag(ai, as, G3). (9)

Note that the intrinsic polarization matrix R represents
the same state as R, but with respect to the so-called intrin-
sic reference frame XY pZo instead of XYZ for R. A gen-
uine property of R is that its off-diagonal elements are
purely imaginary and determine the spin vector
no = I (o1, non, os) - of the state [17, 21, 40].

The quantities involved in R are directly related to the
six so-called intrinsic Stokes parameters of the state
(I, Py, Py, foo1, Moo, p3) [21, 27, 46]. The degree of linear
polarization P; and the degree of directionality P, (a mea-
sure of the stability of the plane containing the polarization
ellipse) are defined analogously to the IPP by replacing the
eigenvalues (A1, 4y, 43) of the polarization density matrix

with the intensity-normalized principal intensities
(&1, (AJLQ, &3), i.e.,
Pr=ay —a, Py = a1+ ay — 2as, (10)

which obey 0 < P, < P; < 1. Moreover, the degree of
circular polarization is given by P, = |fg| [21, 47], where
no =ngp/I = (fio1, Moz, ﬁog)T. It is invariant under rota-
tions of the Cartesian reference frame and consequently
P.=|n|, with n being the intensity-normalized spin
vector in the arbitrary reference frame XYZ. Note that,
as occurs with the IPP, the descriptors P;, P;, and P,
are intensity-independent.

For further analyses, we also mention the geometric rep-
resentation of the polarization state in terms of the polariza-
tion object, constituted by the intensity ellipsoid (whose
semiaxes are the principal intensities) together with the
spin vector [27]. Other parameters that will be useful are
the so-called degree of elliptical purity [44]

Pe:\/P?+PZa (11)

and the degree of polarimetric purity [16, 46]

P? P P? P2
P3D=\/1—23 2:\/8—23 4 (12)

Note that in general P; < P, and P, < Py, [38], while the
above dual expression for Psp implies the equality
P2 — P} =3(P,—-P%).

3 Smart decomposition

The representation of the polarization density matrix in
equation (2) implies the so-called spectral decomposition

R = Aqul + EZR‘M + ESRpfiv (13)

where R,, =, ® 1! (i=1,2,3). Here ® stands for the
Kronecker product, the dagger indicates conjugate trans-
pose, and the subscript p emphasizes that the state is
pure. The spectral decomposition can be rearranged into
the smart decomposition [38]

R= (21 — Zg)R,,l + (jug - ;13>Rp2 +32R. s,

, R . X (14)
R, sp= % (Rpl +R, + RpS) = éIiﬁa

which in terms of the two IPP takes the interesting form
[21]

.~ P+ Ps
R:1+2

Py — Py N
> Rp1—|—2 1

3 R+ (1—Py)Rysp. (15)

Equivalently we may write
R = PQRa + (1 - P2)Ru73D7 (16)

where the active component

. P+ P,
R:1+2

Py,— P, -
. R
op, M *

5p, R (17)

encompasses all the information on the intensity and spin
anisotropies of the polarization state up to the scale coef-
ficient Ps.

Equation (15) indicates that R is fully determined by
the pair of IPP, which regulate the coefficients of the smart
decomposition, together with the two first eigenvectors 1,
and 11y, associated with the two more significant eigenstates
specifying Rpl and Rpg, respectively. The third eigenstate
u3 does not appear explicitly in the smart decomposition
because it is fixed by the pair (i, @1;). In view of equations
(13) and (14) the respective portions AR, and 1sR,, have
been subtracted from the two more significant pure compo-
nents in order to group them with igf{p;;, thus building the
fully unpolarized component 323Ru_3p = 43I, which in
turn has a fully isotropic structure and therefore does not
carry any information on polarimetric anisotropies.

Consequently, according to equation (16), any polariza-
tion state (3D in general) can be interpreted as a superpo-
sition of (a) a partially polarized state (the active
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Figure 2. The active component of a polarization state admits
an interpretation either as an incoherent composition of two
pure states, the first two eigenstates, or equivalently as an
incoherent combination of the pure and discriminating compo-
nents of the state.

component), given by the incoherent composition of the
two pure components R, and R, with respective weights
(Py + Py)/2 and (P, — P;)/2, which in turn are determined
by the two eigenstates t; and 11, of more significant eigen-
values; and (b) a fully unpolarized 3D state weighted by
1~ P;,. Notice that the weight affecting R, is never smaller
than that of R .

To further understand the smart decomposition, it is
worth comparing it with the so-called characteristic decom-
position [19, 44]

R = P1Rp1 + (P — Pl)Rm +(1- PZ)R1173D (18)

where the middle term, given by R,, = (f{,ﬂ + lf{,ﬁ) /2 and
called the discriminating component [48, 49|, consists of
an equiprobable incoherent mixture of the two first eigen-
states. Naturally, the active parts of the smart and char-
acteristic decompositions coincide but are expressed
through respective decompositions. The smart decomposi-
tion is illustrated in Figure 2 for a generic configuration.

From the very definition of the active component, its
characteristic decomposition has the form

P P
laP02:_2:1~

Ra = Pa1Rp1 + (]- - Pal)Rmv Pa,l = FQ 3 PQ

(19)

Therefore, the IPP of ﬁu, denoted by P, and P, which
obviously coincide with those of R,, are proportional to
those of R via the coefficient 1/P, > 1, ie.,, Py = P/
P, > Py and P, = 1 > P,. Consequently, the polarization
object of the active component R,,, whose principal intensi-
ties and intrinsic spin vector are denoted as @41, Ga2, Gq3 and
n,o, coincides with that of R except for the scale coefficient
1/ Py as illustrated in Figure 3.

Figure 3. The shapes and orientations of the polarization
objects of the polarization matrix and its active component
coincide but differ by a scale coefficient 1/ Py > 1 as a, = a1/ Pa,
Qg2 = Qo) Po, @43 = a3/ Ps, and N,0 = Ao/ Py. Note that the case
where P, = 0 is excluded because it corresponds to a fully
unpolarized state, which lacks an active component.

4 Configurations of the active component

An algebraic and geometric representation of all possible
configuration sets of 3D orthonormal states was described
in [43], which can be applied to the three orthonormal
eigenstates (0, Glp, U3) of R. As an example, a representa-

tive family of configurations of the triad of eigenstates is

shown in Figure 4, where the intrinsic axes X;, Yi, Z; of
the first eigenstate are taken as the reference frame for
the three eigenstates. All families share the property that,
when the polarization planes of two eigenstates coincide,
the third one corresponds to a linearly polarized state along
the direction orthogonal to the said planes [43].

Since a fully unpolarized state R,_s3p lacks spin, the
smart decomposition shows that the normalized spin vector
n can be expressed as a weighted sum of the normalized
spin vectors n; and n, related to the two first eigenvectors
ﬁl and ﬁg,

P+ Py,
n;
2

B, (20)

ﬁ:

so that n = Pyn,. We note that regular states are charac-
terized by the fact that the eigenstates t1; and 01, have
opposite normalized spin vectors, n, = —n;. Conse-
quently, the normalized spin vector of a regular state is
given by n = Pin,, in accordance with the fact that the
entire spin originates from the pure component of the
characteristic decomposition.

5 Interpretation of nonregularity

For a regular state the discriminating component R, is
necessarily a 2D unpolarized state, while otherwise the state
is nonregular. Since Rm, and hence nonregularity, depends
on the relative configurations of the two more significant
eigenstates 1; and U5, nonregularity has a direct relation
to the smart decomposition. In particular, from the analysis
performed in Sections 2 and 3, it follows that a polarization
state R is regular if and only if any of the following condi-
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Figure 4. Example of a family of configurations of the
polarization eigenstates 1, 0,13 of the polarization density
matrix, with the respective eigenvalues taken in decreasing order
A1 > Ay > 3. The intrinsic axes X;Y;Z; of ; are chosen as the
reference frame for these representations. Although all the states
correspond to the same point in space, for the sake of clarity they
are represented separated. In the first configuration of the
sequence, the polarization planes Iy, I, of the eigenstates 0y, G,
involved in the smart decomposition coincide, while the respec-
tive normalized spin vectors are opposite, n, = —n;, and ng = 0.
As the angle 0, subtended by the planes IT;, I, increases, the
ellipticity angle of 1, takes different values until the last
configuration, where 0, is linearly polarized along the Z; axis,
orthogonal to IT;.

tions holds: (a) Im(R,) =0 (ie., R,, is a real-valued
matrix); (b) the angle 0, subtended by the polarization
planes of the eigenstates 0; and 10y is zero (see Fig. 4);
(¢) Ry, has zero spin; (d) hy = —1y; () ag = 0; (f) the third
eigenstate 3 of R is linearly polarized; (g) P, = P,, and (h)
P, = P, In addition, we stress that states satisfying n = 0
(thus susceptible to being represented as incoherent
superpositions of linearly polarized states) are always
regular. Conditions (a) to (f) follow directly from the anal-
yses performed above. Property (g) comes from the fact
that P; is defined in equation (10) from the ordered
eigenvalues (i, @y, a3) of Re(R) while P, is defined in
equation (3) from the ordered eigenvalues (4,/z,43) of
f{, so that necessarily a; > A3 and thus P, > Py, with
the equality P, = P4 corresponding, uniquely, to regular
states (@ = Ay, G2 = Ao, a3 = A3). These considerations
together with equation (12) imply P; < P, and property
(h) [38].
As shown in [38, 39], in its own intrinsic reference
frame X,,,0Y,;n0Zmo, the discriminating component adopts
the simple form

1 0 0
1

RmO =-I10

2
2 COS™ A m3

—2COS Y3 S Y s |

. . . 2
0 icos Am3 S X3 S X3

(21)

where —m/4 < y,3 < m/4 is the ellipticity angle of
the third eigenstate 1,,3 of R,,. It is remarkable that regu-
lar states are characterized by y.,3 = 0, showing that R is
regular if and only if 0,3 represents a linearly polar-
ized state. This property is similar to, but different from,
condition (f) described above (which refers to G instead
of ﬁmg). .

A proper way to quantify the nonregularity of R,, is to
consider the distance from R, to R,_»p. Note that, since
R, has been defined under the convention 4; > Ay > A3,
it necessarily takes the form R, op = (I/2)diag (1, 1, 0)
for regular states (that is, the regular form of R,, corre-
sponds to an unpolarized 2D state whose electric field fluc-
tuates in the common polarization planes of the eigenstates
; and 1y). On employing the Frobenius norm, which is
invariant under orthogonal similarity transformations
(i.e., rotations of the reference frame), we obtain

. . 2 1,
||Rm - Ru—?D‘ |2 = 5 Sln2 Xm,37 (22)

where |y,,3| < /4 implies ||f{m - Ru,gDHz < 1/4. By nor-
malizing this squared distance in order to take values from
0 (regularity) to 1 (maximal nonregularity of R,) we
define the degree of nonregularity of R,, as

PN (Rm) =2 Sin2 Am3» (23)

which coincides with the definition introduced previously
in terms of the smallest eigenvalue 7y = (1/2)sin® 3, of
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Re(R.,) [39]. Now, by taking into account the relative
weight (P, — Py) of the discriminating component in the
characteristic decomposition of equation (18), the degree
of nonregularity of the state R is given by

Py(R) = (Py— P1)2 sin? 7,3 (24)

Thus, even though the state u,,3 does not determine the
remaining pair of eigenstates ,,; and 4, of R,,, the con-
stituents of the active component of R,,, its ellipticity angle
governs the degree of nonregularity of the state R as seen
from equation (24). Conversely, since the orthonormal
Vectors Uy, Upe, Uyg constitute the columns of the unitary
matrix that diagonalizes R,,, the pair 0,,, 0, fixes com-
pletely 3.

Furthermore, equation (21) shows that the absolute
value of the intensity-normalized spin vector n,, of R,,,
which is invariant under arbitrary rotations of the reference
frame, is given by

Sin(QXmi‘})

5 (25)

|ﬁm| = CO8 Xm3 Sin XmB =
which establishes the link between the nonregularity of R
and |n,,| via the angular parameter y,,3. More precisely, as
indicated above, the minimal value |f,,| = 0 is a genuine
property of regular states (1,3 = 0), while the maximum
|fi,,| = 1/2 corresponds, uniquely, to so-called perfect
nonregular states (|y,3| = 7/4) [39]. It is remarkable that,
contrary to the spin vector of a regular state whose
direction is normal to the plane containing the two largest
principal intensities, the vector n,, exhibits transversal
character in the sense that it lies along the axis X0
defined by the largest principal intensity of R,,. The
analysis of the spin vector of R as the weighted sum of
the spin vectors of the pure and discriminating compo-
nents of R is studied in [48].

6 Conclusions

A simplified and meaningful interpretation of 3D polariza-
tion states can be attained from the (orthonormal) eigen-
states 11; and u, of R associated with the two largest
eigenvalues, together with the indices of polarimetric purity.
Such information determines the active component of R,
which is introduced from the smart decomposition and
provides a complete description of the spin and intensity ani-
sotropies of the polarization state. Furthermore, the specific
configuration of the pair (1, 0ty) arbitrates the nonregular-
ity and the transverse component of the spin vector by
means of a single angular parameter. The concept of nonreg-
ularity was revisited in light of the indicated results and
interpreted in terms of a distance of the state to a regular
one.
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